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Asset-pricing Tests under Alternative
Distributions
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ABSTRACT

Given the normality assumption, we reject the mean-variance efficiency of the
Center for Research in Security Prices value-weighted stock index for three of the
six consecutive ten-year subperiods from 1926 to 1986. However, the normality
assumption is strongly rejected by the data. Under plausible alternative distribu-
tional assumptions of the elliptical class, the efficiency can no longer be rejected.
When the normality assumption is violated but the ellipticity assumption is main-
tained, many tests tend to be biased toward overrejection and both the accuracy of
estimated beta and R? are usually overstated.

MANY ASSET-PRICING MODELS predict a linear relationship between the ex-
pected return on an asset and the covariance between the asset’s return and
one or more factors. It is this mean-variance framework that plays a central
role in modern theories of asset pricing. However, Chamberlain (1983) showed
that the mean-variance analysis is consistent with investor’s portfolio deci-
sion making if and only if the returns are elliptically distributed. Moreover,
in the case of elliptical returns, the capital asset-pricing model (CAPM) of
Sharpe (1964) and Lintner (1965) and multibeta models will remain valid
theoretically.! Therefore, it is important to test asset-pricing models for the
case where the returns are elliptically distributed. And yet, Gibbons, Ross,
and Shanken (1989), among others, provide tests that are valid only under
the normality assumption, a special case of the elliptical distributions.
Affleck-Graves and McDonald (1989) and MacKinlay and Richardson (1991)
examine tests without the normality assumption, but their approaches are
difficult to apply to obtain exact tests in the elliptical case.

Complementing the existing studies, we propose exact tests for both the
case where the returns are elliptically distributed and the case where the
residuals are elliptically distributed. When the normality assumption is
violated but the ellipticity assumption is maintained, our results show that
the usual tests can be biased and the widely used beta and R? (estimated
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from the market model) are not as accurate as commonly believed. To assess
whether the returns are elliptically distributed, we provide exact tests based
on measures of multivariate skewness and kurtosis proposed by Mardia
(1970), complementing studies on the distributional properties of stock re-
turns, of which Fama (1965) and Affleck-Graves and McDonald (1989) sum-
marize most of the univariate approaches.?

The paper is organized as follows. In Section I, we derive the exact tests for
both the case of elliptical residuals and the case of elliptical returns. We
analyze also how the accuracy of the estimated beta and R? may be affected
when residuals or returns are elliptically distributed. In Section II, we
introduce measures of multivariate skewness and kurtosis and show how
they can be used to test for ellipticity. Then, by using monthly data for every
consecutive ten-year period from 1926 to 1986, we apply the tests to study the
multivariate normality of the market model residuals and that of the excess
returns. In Section III, we test the efficiency of the Center for Research in
Security Prices (CRSP) value-weighted index under plausible alternative
distributional assumptions on both the residuals and the returns. Section IV
concludes the paper.

I. Exact Asset-pricing Tests under Elliptical Distributions

In this section, we focus our analysis on testing the mean-variance efficiency
of a given portfolio. We consider first the normality case by presenting the
standard multivariate framework of Gibbons, Ross, and Shanken (1989).
Then, we test the mean-variance efficiency in the case where the model
residuals are elliptically distributed and the case where the returns are
elliptically distributed. Finally, we analyze how the accuracy of estimated
beta and R?> may be affected when residuals or returns are elliptically
distributed. Because there are no analytical solutions for both of the elliptical
cases, a simple numerical approach based on Monte Carlo integration is
proposed to obtain the exact p-values. Despite the generality of our approach,
we will consider only the market model in what follows. This is because it is
an important model and it is the simplest case of the multivariate regression.
The simplicity of the model allows us to better illuminate the central ideas
and the econometric theory being employed. Once the simple case is under-
stood, the results for the general case are straightforward and thus only a few
remarks are provided for the generalizations.

A. Tests under Normality

Assume that there is a riskless rate of interest, rs, for each time period.
Consider the returns on N assets in excess of the riskless rate. As in many

% Richardson and Smith (1991) provide multivariate normality tests based on the generalized
method of moments approach.
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studies, we assume the market model regression for the excess returns:
ri=o; +Br,, +e&, i=1,...,N, t=1,...,T, (1

where r;, is the excess return on asset i in period ¢, r »¢ the excess return on
the given portfolio, ¢;, the disturbance or random error, N the number of
assets, and T' the number of periods or sample size. Model (1) is a special case
of the multivariate regression model. Throughout this subsection and the
next, we assume that the model residuals, E, = (ey,,..., &y,)’, are indepen-
dent and identically distributed (i.i.d.) over time with zero mean and nonsin-
gular covariance matrix 3.

Given the portfolio p, the most widely asked question is whether this
portfolio is mean-variance efficient. It is well known that efficiency implies
the following restrictions on the parameters:

Hy:a;=0, i=1,...,N. (2)

If the model residuals follow a multivariate normal distribution, Gibbons,
Ross, and Shanken (1989) provide an exact test (the GRS test) for the
efficiency hypothesis H:

W= [(T - N - 1/(N§?)|a's 6 (3)

where ¢>2 =1+7;/s}, F, is the sample mean of r,,, sZ the sample variance
of Tpt w1thout adJustmg for degrees of freedom, and é& and ¥ are the
maximum likelihood estimators of the corresponding parameters in (1). The
GRS test has rich economic interpretations and attractive statistical proper-
ties. Under the null hypothesis that the given portfolio is mean-variance
efficient, W, follows an F distribution with degrees of freedom N and
T — N — 1. The efficiency hypothesis is rejected for large values of W;. The

GRS test is fundamental for testing efficiency under normality.

B. Tests under Elliptical Residuals

A random vector X is said to have an elliptical distribution with parame-
ters O (N X 1) and (N X N) if its density function is of the form

fX) = CylZI 22X - 031X — 0)], (4)

where Cy is a constant and g(-) some function. If X is elliptical, it can be
shown that the mean and the covariance matrix are linked to the parameters
by '

EX)=0 and cov(X) =¢23, 5)

where c¢“ is some constant that depends only on the specific functional form
of g(-). The class of elliptical distributions is large, containing as special cases
the multivariate normal, mixture normal, multivariate ¢, multivariate stable,
Kotz and Pearson II distributions, and is the largest class of distributions
that possess linear conditional expectations (Kelker (1970)).

The GRS test will not in general have an exact F distribution when the
model residuals follow an elliptical distribution other than the normal. Al-
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though analytically intractable, the exact distribution can be computed nu-
merically by using an important property of the W, statistic that it is
invariant to any nonsingular linear transformation of the residuals (see
Appendix A for a proof). In other words, if every E,, an N X 1 vector of the
residuals at ¢, is replaced by CE, where C is any N X N nonsingular matrix,
the value of the test statistic will remain the same. In particular, we can
multiply the residuals by %~!/2 to get new residuals that follow an elliptical
distribution with 3 being the identity matrix. Therefore, as far as the
distribution of W, is concerned, a three-step approach may be used to
compute the p-value Prob(W; > x). First, the new residuals are drawn from
the elliptical distribution which is straightforward because no unknown
parameters of the market model are involved. Second, at each of the draws,
the statistic W, is computed and compared against the observed value x.
Third, we repeat this process say 10,000 times, the percentage for which W
is greater then x is readily computed. This is the numerical approximation to
the exact p-value Prob(W, > x). This method is in fact a Monte Carlo
integration approach applied to compute the integral Prob(W, > x). The
numerical error is independent of both the sample size 7' and the number of
assets N. The accuracy improves as the number of draws increases. Through-
out the paper, we use 10,000 draws. Then the approach often generates
values that are accurate to 2 or 3 decimal points. For our inference purposes,
this level of accuracy seems to be very satisfactory.

Table I illustrates how the p-values of the GRS test will change if the
model residuals follow a multivariate #, a mixture-normal, and a Kotz

Table I

The GRS Test under Alternative Residual Distribution

Table I provides a comparison of the p-values of the Gibbons, Ross, and Shanken (1989) test
(GRS test) under alternative distributional assumptions on the model residuals. The first column
is the number of assets, N, and the second is the p-values of the GRS test under the multivariate
normality assumption. The rest of the columns show how this p-value will change if the
residuals follow a multivariate ¢, a mixture multivariate normal, and a Kotz distribution,
respectively. For each of the three alternative distributions, the p-values are with three choices
of the degrees of freedom (y is fixed at a value of 10 for the mixture multivariate normal
distribution).

Multivariate ¢ Mixture Normal Multivariate Kotz
N Normal v=5 v=8 v=24 €=5% &£=26% e&=50% v=5 v=10 v=20

10 0.050 0.065 0.054 0.052 0.063 0.084 0.072  0.050 0.044 0.042
20 0.050 0.068 0.064 0.055 0.061 0.090 0.082  0.047 0.050 0.049
40 0.050 0.065 0.059 0.052  0.054 0.069 0.086 0.046 0.050 0.053
58 0.050 0.051 0.052 0.051 0.050 0.052 0.051 0.050 0.050 0.048

10 0.100 0.113 0.104 0.103 0.108 0.132 0.125 0.101 0.096 0.094
20 0.100 0.122 0.117 0.104 0.115 0.142 0.144  0.097 0.101 0.095
40 0.100 0.123 0.113 0.101  0.105 0.123 0.150 0.099 0.099 0.099
58 0.100 0.100 0.104 0.101 0.101 0.108 0.099 0.100 0.098 0.099




