








Asymmetries in Stock Returns: Statistical Tests and Economic Evaluation

uncertainties, to model them as well as to assess their economic value.
We find that incorporating assets’ asymmetric characteristics can add
substantial economic value in portfolio decisions. Finally, the methodology
proposed in this article seems useful not only in testing asymmetric
correlations, betas, and covariances but also in studying almost any
asymmetric properties of the data.

Appendix A: Proofs

Proof of Theorem 1: In the proof below, we first spell out clearly what the regularity
conditions are in addition to Assumption A.1 stated earlier, and then provide the rigorous
proof. Throughout this proof, we use C to denote a generic bounded constant that may differ
from place to place.

Assumption A.2: (i) The return series of the two portfolio returns, {R1:, Ry}, 1s a bivariate
fourth order stationary process with E(|R};|*" + E|Rx|*') < C for some v > 1; (i) {Ryr, Ra}
is an @-mixing process with a-mixing coefficient satisfying Z‘f:_w j2a(j) VT < oo.
Assumption A.3: The kernel function k : R — [—1, 1] is symmetric about zero and is
continuous at all points except a finite number of them on R. with k() =1 and
IZo lk(@)1dz < oo.

Assumption A.4: The bandwidth p = p(T) - o0, p/T — 0 as the sample size T — oo.
Assumption A.5: (i) For some b > 1, |k(z)| < Clz|™® as z — oo: @i1) k(z)) — k(zp)| <
Clz) — z2| for any z;. z2 in R.

Assumption A.6: p is a data-dependent bandwidth such that p/p = 1 + Op(p!*2/ T*(1+9) for
any0 <« < % and some nonstochastic bandwidth p satisfying p = p(T) — oo, p/T* = 0.

Assumption A.2 allows for the existence of volatility clustering, which is a well-known
stylized fact for most financial time series. The mixing condition is commonly used for a
nonlinear time series analysis, as is the case with our test, because we only consider the cross-
correlation in the tail distributions of the returns {R),, Ry }. This condition characterizes
temporal dependence in return series and rules out long memory processes. However, it is
well known that returns of portfolios have weak serial correlations. Therefore, the mixing
condition is quite reasonable in the present context.

Assumptions A.3 and A.4 are standard conditions on the kernel function k() and
bandwidth p. These conditions are sufficient when we use nonstochastic bandwidths.
Assumptions A.5 imposes some extra conditions on the kernel function, which is needed
when we use data-dependent bandwidth p. Many commonly used kernels, such as the
Bartlett. Parzen, and quadratic-spectral kernels, are included. However, Assumption A.5
rules out the truncated and Daniell kernels. For various kernels, see, for example, Priestley
(1981, p. 442) for a detailed discussion. Assumption A.6 imposes a rate condition on the
data-driven bandwidth p, which ensures that using p rather than p has no impact on
the limit distribution of our test statistic. Commonly used data-driven bandwidths are the
Andrews (1991) parametric plug-in method or the Newey and West (1994) nonparametric
plug-in method. Note that the condition on p in Assumption A.6 is more restrictive than
Assumption A 4, but it still allows for optimal bandwidths for most commonly used kernels.
All these ensure that our test is completely model free. Right prior to the proof, we re-state
Theorem 1 in the following technically clearer way.

Theorem 1: Suppose Assumptions A.1-A.4 hold. Then, under Hp. we have (i)

Tp=Gt =) Gt —pT) > 2 (Al)
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as T — oo: and (i1). if, in addition. Assumptions A.5 and A.6 hold, :7,, -J, =" 0. and
T, =4 X (A2)

Proof: (i) We first use the Cramer-Wold device to show vT(p" —57) —¢ N(0. Q).
Put £, = 2'1":[)\/%,(6,) and & = Z%_};,(c;), where £,(c) and £&,(c) are defined in (12)
and Assumption A.l respectively, and A = (A,.....A,) is an m x | vector such that
XX =1. We then have X'(p" — p7) = " M;[p*(c;) — p™(c)] = T™'EL_£,. By tedious
but straightforward algebra. this reduces to A'(pT — p~) = T~! =T_ &, +o0p(T~'/2). In other
words, the replacement of the sample means, sample variances. and sample proportions
with their population counterparts has no impact on the asymptotic distribution of
VAN ARy I

Given Assumption A2 {Ry,. Ry} isan a-mixing process, asis £,, which is an instantaneous
function of (Ry,. Ry). Under Hy : p*(c) = p~(c) for all ¢, we have E(&,) = 0 because
E[&,(c;)] = 0. In addition, given Assumptions A.l and A.2, we have

T oo
V = Tlim var I:T"/ZZEC' = Z cov(§,. &_j)
=1 j=—oc
= ZZA,’A/ Z COV[E:((—‘[LEIJ(C}')]
i=l j=I l=—00
=33 nnQ;
i=1 j=I1
= N QA. (A3)

Note that 0 < V < oo for all A such that A’A = 1. because Q is positive definite. Thus. using
the central limit theorem for mixing processes (e.g., White 1984, Theorem 5.19), we have

VTt = p7) NV >4 N, 1. (Ad)
It follows from the Cramer—Wold device that T (p* — p7) —=¢ N(0. 2), and hence
TR =pye ' Gt -p7) -9 X2 (A9)

Next, we show Q@ —” Q. Write @ — Q = Q- EQ+[EQ - 2]. By the Andrews (1991)
Lemma 1, Assumption A.2 implies that Assumption A of Andrews (1991) holds. It follows
from the Andrews (1991) Proposition 1(a) that var(Q) = E[(Q — EQ)(2 — EQ)] = O(p/T).
Therefore we have Q — @ = 0p(p'/2/T'/2) by Chebyshev's inequality. In addition, because
Assumption A.2(ii) implies ©72 _, () < C. and because of Assumption A.4 and dominated
convergence, we have

EQ-Q =370 [ - jI/Tk(/p) = 1120) + jj1s720)) — 0 (A6)
as T — oo. Consequently, & —” Q. By Slutsky’s theorem, we then obtain
oAl e
J=TE Y =p7)Q (G —p7) > X2 (A7)

(i1) Let &" and 2 be the kernel estimators for using the bandwidth p and p respectively.
It suffices to show Q" — @ —” 0 and then we can apply Slutsky’s theorem. By the definition
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of Q. we have for the (i, j)-th element,

T-1
@) -y = Y [kU/p) — /)] i cp)
I=1-T
= Y [kW/p) —k/p)]9iciocpy+ Y (kWP — kU p)] 7i(cincj)
=q q<lll<T
= A1(i. j) + Ax(. j). say. (A8)

where g = T* for « as in Assumption A.6.
We now consider the first term A;. Using Assumption A.5(ii) and the triangle inequality,
we have

IAiG. DL < Y ClA/B) = A/p)l - 17 (eiv el

lli<q
=Clp™ = p7 Mg Yo ep) = vitei el +ClET = p7lg Y Iviter )
I1=q IN=q
=157 = p 0P/ T +q)
=0@lp™" - p7'). (A9)

where we have made use of the facts that £°___|y,(c;, ¢;)] < C and Supg<r Ely,(ci. cj) —

v (ci. cj)]2 = O(T~"), which follows by the Hannan (1970) Equation (3.3) and Assumption

A .2 (recall that this assumption ensures that the fourth order cumulant condition holds).
For the second term As(i, J). using Assumption A.5(i). we have

A2 Dl = Y CU/BI™ +11/pI™) 17 (civ el
g<|l|<T

SCE +p9' 07" Y Wt c)) - yilei eyl
g<|l|<T

+CE +pM97" ) Iviteic))l
q<|l|<T

= C(" + p"q7"[0p(q/T') + 0p (1)), (A10)

where again we have used the facts that B2 _lyileiicj)l < C and supy,_r E[p(ci,cj) —

Yici.cp)P = 0(T™).
Combining (A1)-(A3), g =o(T'?) and p/p =1+ Op(p'+/q'+t) as implied by
Assumption A.6, we have @' — = op(l). Q.E.D.

Proof of Theorem 2: The proof is similar to that of Theorem 1 and is thus omitted. Q.E.D.

Derivation for the Asymptotic Distribution of the Ang and Chen Test:
Consider a matrix expression for their test:

H2 =3 wie(pler. ) — pe)? = (b — pY W(p — p). (A1)
i=1

where W is a diagonal matrix formed by the weights, and p and p are defined accordingly. Let
V be the asymptotic covariance matrix of p as computed for our tests. Then, asymptotically,
Z=V712(p - p)~ N(0, I). Let A be a diagonal matrix of the eigenvalues of the matrix
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U =V!'2WV'2 = CAC. where C is an orthogonal matrix. Then. asymptotically,

H = (p=p)WpH-p)=ZUZ =y nxl. (A12)

i=l

where x2.. . .. x2 are independent chi-squared random variables with degrees of freedom 1.
Based on the above, the asymptotic distribution of #2, and hence H . can be easily determined
by simulating chi-squared random variables of the right-hand side. Q.E.D.

Appendix B: Bayesian Inference in the Mixture Copula Model

The data-generating process for each asset is the standard GARCH(1,1) process:
rip = W; + &, with &;, normally distributed with a time-varying variance a,.2, =a; + b,a,.zhl +
c,-s,.z,_l. Let u;; = ®(x;;) with x;, = (r;; — u;)/o ;. Then. the joint distribution of the us is
given by an n-dimensional form of Equation (39) with

1 1
Joor(Uig, uz. ..., Up; T) = Texp (—EC,T(E_I —1,,){,). (Bl)

1

n n —Tn n -1
Sotay Qe uzg, o 1) = [ﬂ(l +i - m)} (Zu;f —n+ 1) (H u,,) :
i=1 i=1

i=1
(B2)

where ¢, = (&~ (uy,). .. .. &' (u,)), T is the correlation coefficient matrix and /, is the
identity matrix of order n.

In the Bayesian framework, t is viewed as a random variable. We model it discretely by
assuming that it takes values from set S; = {0.1,0.2.0.3,0.4, . . ., 9.9. 10}. The diffuse prior
on t can be written as

po(t) = (B3)

1S 1
where |S; | = 100, the number of elements in set S,. Then. we can use an almost diffuse prior
for the model parameters,

polk. T. B) o< po(k)po(T) po(Z), (B4)

where
po(k) ~ Beta(l, 1), po(Z) ~ W (vg, 1,). (BS)

and vy = 14 is the prior degree of freedom in the Wishart distribution.

To make Markov chain Monte Carlo (MCMC,) posterior draws, we augment the data
with independent and identically distributed (iid) samples {w,},T:1 from Binomial (1, «). Note
that both the prior and the likelihood function conditional on the augmented data can be
factored into two independent components on X and t; it is hence feasible to draw a sample
from the joint posterior distribution of w and 6 = {x, . X}. Ignoring w, the 6 should be a
sample from its marginal posterior. Starting with a « from py(x) ~ Bera(l, 1) and iid {u),},T:I
from Binomial (1. k). the following steps implement the idea:

I. Divide the data Uy = {ul, u?, .. . u"), where u' = (Wi, uze, .o lpy), t=
1,2,.... T, into two 8roups, Uy, OF Uciqy according to whether w, = 1 or 0;
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2. Let T, denote the number of observations in u,,,. Then,
o -l
= iy o W (T 405 (I + T Sar) ™). (B6)

S 1 T R, . .
where ¥, = T Z,z}(x’)’ x X' € upr) and X' = (x10, X200 . . ., Xpp):
3. Draw t from the posterior,

P(tluday) < po() [ S uze .. s o) (B7)
IIIK ”l'IUV
4. Draw « from Beta (Twor + 1. Topuy + 1). where T.iay denotes the number of
observations in Uclay and Topuy = T = T,,,,p:
5. Draw w, from Binomial (1. «,) forr = 1,2,. . .. T.where

K = )
K foor (Wi, Uz, ... Unet B) + (1= &) foray e uze, ..oty T)

6. Repeat steps (1)-(5).

Let M be the number of total iterations in the above loop. Disregarding the first L ones
for the burning period, the remaining Q = M — L draws will be the posterior draws. Now,
for each such draw of the parameters, say, 9, ¥ and 19, we obtain «”*! from the mixture
copula. This way provides us Q draws from the predicative distribution. The following steps
implement the idea:

1. Draw 4" = {u}"}!_, from the normal copula with correlation coefficient matrix 39,
2. Draw u“l® = {u;'l”"};’:1 from the Clayton copula with parameter 79;
3. Generate a draw from the mixture copula with mixture parameter k¢ as follows:
(a) Simulate a uniform random variant, d ~ U(0. 1):
(b) Set uf"”‘ =u!"1(d < «9) +u;'I""l(d > k1), i=1,...,n, then u™*=
"%, w3, ... u'™) is one draw from the mixture copula with parameter,
(29, k9. %), which is also a draw from the predicative distribution of
pUr).

Based on the above Q draws from the predicative distribution of puT*'|Ur), we can
have a sample of size Q from the predictive distribution of p(RTTYR).
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