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This paper examines optimal consumption and investment choices and the cost of hedging contin-
gent claims in the presence of margin requirements or, more generally, of nonlinear wealth dynamics
and constraints on the portfolio policies. Existence of optimal policies is established using martingale
and duality techniques under general assumptions on the securities’ price process and the investor’s
preferences. As an illustration, explicit solutions are provided for an agent with “logarithmic” utility.
A PDE characterization of the cost of hedging a nonnegative path-independent European contingent
claim is also provided.
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1. INTRODUCTION

Margin requirements oblige investors who short securities or buy on margin (that is,
borrow to buy securities) to deposit and maintain a minimum amount of cash or securities
with their broker-dealer in order to reduce the potential losses in case of default. In
particular, initial margin requirements set the minimum margin deposit with which a
position can be opened, and maintenance requirements set a floor below which the margin
deposit is not allowed to fall as long as the position remains open. Regulation T of the
Federal Reserve Board determines the initial margin requirement for stock positions
undertaken through broker-dealers, and the NYSE determines the maintenance margin
requirement applicable to its members’ customers. The initial margin requirement for
long or short stock positions is currently 50 percent of the value of the stock position.
In the case of a long position, this means that the investor cannot borrow more than
50 percent of the market value of the stock. In the case of a short position, this means
that not only does the investor not have availability of the cash proceeds from the short
sale, but that an additional amount equal to 50 percent of the value of the stock must be
deposited with the broker-dealer. This additional deposit need not be in cash: securities
can be used at the broker-dealer’s discretion. The maintenance margin requirement is
currently 25 percent for long positions and 30 percent for short positions.!
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This paper examines optimal consumption and investment choices and the cost of
hedging European contingent claims in the presence of margin requirements. Margin
requirements introduce two types of deviations from the standard frictionless setting
studied by Karatzas, Lehoczky, and Shreve (1987) and Cox and Huang (1989). First,
margin requirements limit the size of long or short positions that can be undertaken by an
investor, and hence introduce a constraint on the feasible portfolio policies. Second, the
loss of interest on the proceeds from short sales (and, typically, on the associated margin)
affect the usual dynamic budget constraint, making it nonlinear in the investor’s portfolio
policy. Models with constraints on the portfolio policies were studied by Cvitani¢ and
Karatzas (1992, 1993), building on previous work by Karatzas et al. (1991), He and
Pearson (1991), and Xu and Shreve (1992). Models with nonlinear wealth dynamics
similar to the one that arises in the presence of margin requirements (but no constraints
on the portfolio policies) were studied by El Karoui, Peng, and Quenez (1997) and Cuoco
and Cvitani¢ (1998).

We show that martingale techniques similar to those employed in the above-mentioned
papers can be employed to establish the existence of optimal policies in the presence of
margin requirements and to provide some characterization by duality. As an illustration,
an explicit solution is provided for an agent with “logarithmic” utility. More generally,
we show that the characterization and existence results obtained in this paper apply to
a class of consumption problems with nonlinear wealth dynamics and constraints on the
portfolio policies which generalizes those considered by Cvitani¢ and Karatzas (1992,
1993) and Cuoco and Cvitanié (1998).

Finally, under the assumption that the stock prices in the economy follow a Markov
process, we provide a PDE characterization of the cost of hedging a nonnegative path-
independent European contingent claim. This characterization builds on recent work by
Broadie, Cvitani¢, and Soner (1998), who have shown that, in the presence of constraints
on the portfolio weights, the minimum cost of hedging (that is, superreplicating) a con-
tingent claim equals the unconstrained price of a related dominating claim, and thus
solves the Black—Scholes PDE, but with a different terminal condition. In the presence
of margin requirements, the minimum hedging cost of a European contingent claim is
shown to equal the price of a related dominating claim in an economy with no con-
straints on the portfolio policies, but with nonlinear wealth dynamics. As a consequence,
the minimum hedging cost is shown to be the solution of a quasi-linear PDE with an
appropriate terminal condition. Once again, this result is shown to generalize to a class
of problems with nonlinear wealth dynamics and constraints on the portfolio policies.

As far as we are aware, the only related work to examine the impact of margin require-
ments on consumption choices and/or the cost of hedging contingent claims is Heath and
Jarrow (1987). Heath and Jarrow show that margin requirements are sufficient to rule out
arbitrage opportunities such as the doubling strategy discussed by Harrison and Kreps
(1979). Moreover, they argue that, although margin requirements rule out the standard
replication strategy used to derive the Black—Scholes formula, this formula should still
correctly price a call option in equilibrium as long as some investor has sufficient excess
equity in his margin account at all times—that is, as long as the constraint imposed
by margin requirements is never binding. This argument would obviously not apply to
a put option once the loss of interest on the proceeds from a short sale is taken into
account. Differently from Heath and Jarrow (and in the spirit of Cvitani¢ and Karatzas
(1993)), we characterize the minimal cost of superreplicating a given contingent claim in
isolation of the investor’s residual portfolio. This cost can thus be interpreted as an upper
bound on the price that could be charged by a financial intermediary selling a nontraded
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contingent claim to a client. A lower bound could be similarly obtained (see Karatzas
and Kou 1996).

The rest of the paper is organized as follows. Section 2 describes the economic set-
ting. Section 3 derives a martingale characterization of the minimum cost of replicating
a contingent claim (consumption plan). Section 4 establishes the existence of an optimal
consumption/investment policy and provides a dual characterization of such a policy.
Section 5 provides explicit solutions for some special cases. Section 6 derives the PDE
characterization of the minimum hedging cost in a Markovian setting. Section 7 gener-
alizes the results of the paper to a related class of problems and Section 8 contains some
concluding remarks.

2. THE ECONOMIC SETTING
We consider a continuous-time economy on the finite time span [0, T'].

Information Structure. The uncertainty is represented by a filtered probability space
(2, F,F, P), on which is defined an n-dimensional Brownian motion

w={W®),...,w, (1) : 1[0, T]}.

The filtration F = {F;} is the augmentation under P of the filtration generated by w.
We assume that 7 = Fr, or that the true state of nature is completely determined by
the sample paths of w on [0, T]. We interpret the sigma-field F; as representing the
information of the individual at time ¢ and the probability measure P as representing his
beliefs. All the stochastic processes to appear in the sequel are progressively measurable
with respect to F and all the (in)equalities involving random variables (respectively,
random processes) are understood to hold P-a.s. (respectively, (A x P)-a.e., where A
denotes the Lebesgue measure on [0, T']).

Securities Market. We assume that there are n long-lived risky securities (stocks)
traded. The investors in the economy are allowed to hold the numéraire (cash), as well as
to lend (respectively, borrow) at an instantaneous interest rate r (respectively, R), where
r and R are assumed to be bounded nonnegative processes with » < R. Also, letting
S = (81, ...,S,) denote the price process for the traded stocks and D = (D1, ..., Dy)
their cumulative dividend process, we assume that S + D is an Itd process:

t t
ey S(t)+D(t)=S(0)+/ IS(S)M(S)dS+/ Is(s)o (s) dw(s),
0 0

where Ig(t) denotes the n x n diagonal matrix with elements S(¢), u is a bounded
n-dimensional process, and o is a bounded (n x n)-dimensional process.

ASSUMPTION 1. The diffusion matrix o (t) satisfies the nondegeneracy condition
2) xTo(t)o(t)Tx > 8|x|2
almost surely for all (x,t) € R" x [0, T] and some ¢ > Q.
Condition (2) implies in particular that o (¢) has full rank almost surely for all ¢ €

[0, T'], and that o (¢, a))_l has essentially bounded matrix norm, uniformly in (¢, w) €
[0, T] x 2 (Karatzas and Shreve 1988, Prob. 5.8.1). Together with the boundedness of the
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price coefficients, this is sufficient to guarantee the existence of an equivalent martingale
measure and rule out arbitrage opportunities.

Consumption Space. There is a single consumption good (the numéraire). A con-
sumption plan is a pair (¢, W), where ¢ is a nonnegative consumption rate process with
fOTc(t) dt < 400 and W a nonnegative random variable representing terminal wealth.

Trading Strategies and Margin Requirements. Trading takes place continuously. A
trading strategy is an (n + 2)-dimensional process (xc, op, §)—where «¢c denotes the
amount held in cash, «p the amount loaned (if «g > 0) or borrowed (if «p < 0), and 0
the amount invested in each of the n stocks—satisfying

T T
3) /yaB(t)+r(z)—aB(t)—R(t)+9(z)Tu(t)|dz+/ 6 To (1) di < +o0,
0 0

where xT = max[0, x] denotes the positive part of the real number x and x~ =

max[0, —x] the negative part. A trading strategy (ac, ap,6) is said to finance a con-
sumption plan (¢, W) € C if there exists a nondecreasing process C with C(0) = 0 such
that the wealth process

W(t) = ac(t) +apt) + Y _ 6i(1)

i=1

satisfies the dynamic budget constraint

t
) W) = W(0) +/O (ap(s)Tr(s) — ap(s) R(s) +9(S)T,U«(S)) ds
t t
—/ c(s)ds—C(t)+/ 0(s) o (s)dw(s)
0 0

and
W(T)>W.

The process C in (4) captures the possibility of free disposal of wealth: in other words,
the agent is allowed not to reinvest some of his wealth if he chooses to do so. The total
amount of wealth “wasted” up to time ¢ is given by C(¢).

To model margin requirements, we assume that there is no difference between initial
and maintenance margins, and we denote by A_ > 0 the proportional margin requirement
on short positions and by Ay € [0, 1] the proportional margin requirement on long
positions.2 Moreover, we assume that a fraction ¢ € [0, 1] of the margin requirement on
short positions must be met with cash, and that the rest can be met with bonds.3 Margin

? Different initial and maintenance margins would make the balance in the margin account a function of the
sample path of the trading strategy and thus considerably complicate the analysis.

? As mentioned in the Introduction, the brokerage firm can accept interest-bearing securities in lieu of cash
to margin short-sales.
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requirements then impose the following constraints on an admissible trading strategy
(ac,ap,0):

) acz (1+0.2)) 6

i=1

and

(©) o z—(ac—aﬂ)Ze,»+<1—A+>Ze,-+).

i=1 i=1

Equation (5) states that the investor must hold an amount of cash at least equal to the
value of his short stock positions plus a fraction ¢ of the required margin, and equation (6)
states that the investor can only borrow using as collateral cash or stocks in excess of
the required margin.

Clearly, since cash is a dominated asset, the constraint in (5) will always be satisfied
as an equality, so that the size of an investor’s cash position is completely determined
by the size of his short stock position. Moreover, (6) is equivalent to the constraint

W > ,\_ief +,\+§n:9i+,
i=1 i=1

which implies in particular that the wealth process corresponding to any admissible
trading strategy under margin requirements is nonnegative. Since (5) and (6) also imply
that W =0 only if ec =ap =0and 6; =0 fori =1, ..., n, we can then equivalently
represent a trading strategy in terms of the portfolio weights m = (6/W)1;w-0) and
equations (3)—(5) are then equivalent to

T T
(7) /|r(r>+n(r)T(u<r)—r(r>1)+g<n(t>,r)|dt+/ () o (1) di < +o0,
0 0

t
®) W)= W0+ /0 W) (r(s) + 76T (1) = r©)T) + g ((s). 5) ) ds

t t
+ / W(s)n(s)Ta(s) dw(s) — / c(s)ds — C(1),
0 0

and

©)) n(t,w) € K (A x P)-a.e.,

where 1=(1,..., DT,

(10) g, t,w) = —rt,w)(1 +1A_) Zni_ — (R(t, w) — r(t, a)))

i=1

X (1 — inf — A ini_)_,
i=1 i=1
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and
n n
K={reria Son +a3ont <1).
i=1 i=1

Note that because of the term involving g, the dynamic budget constraint in (8) is
nonlinear in the portfolio policy (although it is piecewise linear). We will denote by I1
the set of portfolio weight processes satisfying (7) and (9).

3. COST OF HEDGING CONTINGENT CLAIMS

To be able to approach the investor’s consumption problem, we start by deriving a
static (martingale) characterization of the minimal cost of financing a consumption plan
(c, W) € C, similar to the one obtained by Karatzas et al. (1987) and Cox and Huang
(1989) for the standard frictionless case. In our setting, such a characterization is com-
plicated by the presence of the constraint (9) on the admissible portfolio policies and by
the fact that the stochastic differential equation (8) is nonlinear in the portfolio policy
(because of the presence of the function g). Constraints on the admissible portfolio poli-
cies of the type in equation (9) were dealt with by Cvitani¢ and Karatzas (1992, 1993),
and nonlinear wealth dynamics of the type in equation (8) were dealt with by El Karoui
et al. (1997) and Cuoco and Cvitani¢ (1998). The new feature of the problem at hand is
that it includes both a constraint on the portfolio policies and nonlinear wealth dynamics.
As we show in Section 7, all the main results to be obtained below apply to a class of
problems with constraints and nonlinear wealth dynamics which include those considered
in the above-mentioned papers as special cases.

Let
0 ifr ek
Sk () = .
+oo ifmr &K

denote the indicator function (in the sense of convex analysis) of K, and let
gk (. t, ) = g(m, 1, w) — g (7).

It is easily verified that gx (-, ¢, w) is a nonpositive upper semicontinuous concave func-
tion with gk (0, ¢, w) = 0 for all (¢, w) € [0, T] x 2. We denote by

gx(v,t,0) = sup [gx (—7,t,w) + 7 v] = sup [g(m, t,®) — 7 V]
T eR? weK

the convex conjugate of —gx (—m, t, w). It is clear from its definition that gx is nonneg-
ative (since 0 € K). Moreover, it follows from Theorem 12.2 in Rockafellar (1970) that
gk (-, t, w) is a lower semicontinuous convex function on R” and that

(11) gk (m.1,0) = inf [k (v, 1, 0) +7 0]
veR"

Letting
Nk (t, w) = {v eR": gx(v,t,w) < +oo}

denote the effective domain of gg (-, f, @), it can be easily verified that
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[—(R(t,w) —r(t,w)), r(t,w)]" ifA_=0,1,=0
[—(R(t, w) — r(t, w)), +00)" ifA_>0,A=0
(=00, r(t, w)]" ifA_=0,14>0
(—o0, +00)" if A_ >0,A. >0.

(12) Nk (1, 0) =

Also, for p € [0, +00] let N E denote the set of n-dimensional processes v such that

T T
/ |v(t)|2dt+/ gx(v(0), 1) dt < +o0
0 0

and
veLP(Lx P),

where LO(A x P) denotes in particular the set of all (progressively measurable) processes.
Clearly, 0 € N} for all p € [0, +00]. Moreover, if v € N7 then

v(t, w) € Ng(t, w) (A x P)-a.e.
PROPOSITION 1. For any m € I there exists a v € Ng° such that
g(), 1) =gr (), 1) =g (). )+ () v@e) Vi el0,T]
Proof. This can be verified directly by considering the process v with

re(1 4+ )1z, <0
n n
if Z T+ o Z ()~ <1
i=l1 i=l1

YO =9 6 4 0 R L <0) — Ry — 1) Lm0y
if zn:m(t)* + ik zn:m(z)— > 1,
i=1 i=1
where 1z <0y = (Liz; (<05 - - - » l{ﬂn(t)so})T, and noticing that
8K (rt(l + tA_) Iz, <0} t) =0
and
gK ((r, F AR, <0) — (R — 1) Lz, >0}, t) =R, — ;. O

For v € N¥ , define the processes

t
Bu(t) = exp (— /0 (s + 2K (vs, s))ds)

Ku(t) = —a7 (e + v — 1)

t 1 t
Z,(t) =exp( / k() Tdw(s) — = / |xu(s)|2ds)
0 2 Jo
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and
& (1) = Bu(DZ,(1).
Finally, for v € Ng° let Q, denote the probability measure with

dQy
dpP

= 7,(T).

We remark that each &, corresponds to the unique state-price density that would prevail
in a fictitious frictionless economy with interest rate r; + gx (v, t) and stock drift p, +
v + 8k (vr, ).

Now consider an arbitrary consumption plan (¢, W) € C and let P(0) denote the
minimal cost at time O of financing (superreplicating) (¢, W); that is,

P0) = inf{x > 0 : 3 a nondecreasing process C with C(0) =0 s.t. W67 (T) > W},

where W* ¢ €7 denotes the solution to the stochastic differential equation (8) with
W (0) = x. The following result provides a martingale characterization of P (0).

THEOREM 1. We have

T
P(0) = sup E[/ §v(s)c(s)ds +EV(T)W}
veN? 0
T
= sup E& [/ ﬂu(s)c(s)ds+ﬂU(T)W}
ve./\/’,?o 0
Proof. See the Appendix. a

4. OPTIMAL CONSUMPTION POLICIES

We now turn to a characterization of optimal consumption policies in the presence of
margin requirements. We consider an investor endowed with some initial wealth Wy > 0
and whose preferences are represented by a time-additive utility function for intertem-
poral consumption®

T
(13) U(e) = E[/ u(ce(),t) dt}
0

ASSUMPTION 2. The function u(-, t) is increasing, strictly concave and continuously
differentiable on (0, +00) for all t € [0, T]. Moreover, it satisfies the Inada conditions

(14) limuc(c,t) =400 and lim u.(c,t) =0,
cl0 ctP+oo

and there exist constants § € (0, 1) and y € (0, 400) such that
(15) 6”6‘(07 t) Z I/tc(ch t) V(Cv t) € (07 +OO) X [09 T]

Finally, u(c, -) is continuous on [0, T] for all ¢ > 0.

*The case in which preferences include a bequest function V(W) for final wealth is not substantially
different and the results in this paper apply, provided that V (-) satisfies the same conditions placed on u(-, ).
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REMARK 1. Condition (14) is well understood and it implies in particular that the
derivative function u.(-, t) has a continuous and strictly decreasing inverse f(-,¢) map-
ping (0, +00) onto itself. Condition (15) has the purpose of guaranteeing that certain
functionals to be introduced in the sequel can be differentiated under the integral sign. It
is easily verified that this condition holds for the utility functions u(c, t) = p(¢) logc or
u(e,t) = p(t)c'=2 /(1 — b), for some p : [0, T] — (0, +00), b > 0, b # 1. Also, taking
c = f(y,t)in (15), applying f (-, t) to both sides, and iterating shows that the following
property holds:

Vé € (0, +00),3y € (0, +00)  such that

16
10 f@y. ) =yf(y,0),¥(y, 1) € (0,400) x [0, T].

It follows immediately from Theorem 1 that the problem of choosing an optimal
consumption plan in the investor’s budget set can be written as the static problem

e v
(P)

T
s.t. sup E{/ Sv(t)c(t)dt} ><> W
veN} 0

for some p € [0, +00]. Letting ¢* denote the optimal consumption policy this suggests

that there should exist a Lagrangian multiplier ¥* > 0 and a process v* € A/ 1? such that
(c*, ¥*, v*) is a saddle point of the map

T
a7 L,y v)=U(o) - lﬂ(E [/ &y (1)c(r) dt} - Wo>,
0

where we maximize with respect to ¢ € C* and minimize with respect to (¥, v) €
(0, +00) x NE.
Let

(18) fi(y, 1) = max [u(c.t) = ye| =u(f(y.0). 1) = yf(y.1)

denote the convex conjugate of —u(—c, t). The following lemma collects some properties
of the function # that will be useful in the sequel.

LEMMA 1. The function u(-,t) : (0,400) — R is strictly decreasing and strictly
convex for all t € [0, T], with

0
y
Moreover
(20) u(0+,1) = u(4o0,1), u(+oo,t) = u(0+,1).

Proof. See, for example, Karatzas et al. (1991, p. 707). O



364 D. CUOCO AND H. LIU

Maximization of equation (17) with respect to ¢ gives

T
2 S, v) = E[/O u(Péy (1), t)dt} + ¥ Wo,

where we remark that the above expectation is well defined for all (¢, v) € (0, +00) x
N?, since from the inequality

(22) u(l, 1) =y < maxfu(c, ) = ye| =u(f(y,0,) = yf (3, ),

the nonnegativity of » and gx and the fact that Z, is a supermartingale for all v € N2,

we have
T T T
E{/ ft(lﬁév(t),t)_dt} 5/ u(l,t)_dt+1ﬂE{/ é}u(t)dt}
0 0 0

T
S/ u(l,t) " dt +yT < +o0.
0

Therefore J : (0, +00) x J\/’I% — R U {400} and we are left with the shadow state-price
problem

(P*) min J(,v).
(¥, v)€(0,+00) x N

The following theorem establishes the duality between the individual’s optimization
problem and (P*).

THEOREM 2. Assume that (Y*,v*) € (0, 4+00) x J\/}? solves the dual state-price
problem (P*) for some p € [0, +00] and

T
(23) E[/o Eve (1) f (Y& (1), D) dt | < +o00.
Then the policy

(24) () = fWrE= (), 1)

is optimal and the optimal wealth process is given by

T
25) W =) E[ | socsas | ff].
t

This wealth process satisfies the budget constraint (8) with C = 0. Moreover; the optimal
investment strategy m satisfies

(26) g(®), 1) = gx W (1), 1) + (1) Tv¥(1), (A x P)-a.e.
Proof. See the Appendix. O

The next theorem provides sufficient conditions for the existence of a solution (¢*, v*) €
(0, +00) x J\/}% to the dual problem and of an optimal consumption/investment policy.
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THEOREM 3. Assume that

@ u(0+,1) > —o0, u(+00,t) = +00 and —cu’(c,t)/u’(c,t) < 1 on (0, +00) x
[0, T];
(b) forall Y € (0, +00), there exists a v € NIZ( such that J (Y, v) < +o00.

Then the minimum in (P*) is attained by some v* € /\flz( If, additionally,
(©) cuc(c,t) <a+ (1 —=>bu(c,t) on (0,4+00) x [0, T] for some a >0, b > 0,

then condition (23) of Theorem 2 is also satisfied, and hence there exists an optimal
consumption/investment policy.

Proof. See the Appendix. O

REMARK 2. Conditions (a) and (c) of Theorem 3 are in particular satisfied if u(c, tr) =
p(t)‘l'l__: for some bounded measurable function p : [0, T] — (0, p] and some b €

(0, 1). In this case, condition (b) will also hold with v = O (cf. Karatzas et al. 1991,
Remark 11.9).

REMARK 3. Proceeding as in Cuoco (1997), it would have also been possible to estab-
lish the existence of an optimal consumption policy for more general utility functions
and without resorting to duality. However, we will see in the next section that the dual
problem offers computational advantages.

5. EXPLICIT SOLUTIONS
5.1. Logarithmic Utility

Suppose that u(c, 1) = e~ ?" log(c) for some p € R. Then we have
i(y, 1) = max[e”" log(c) — yc] = —e™ "' (1 4 pt +log(y)),
c>0

and the dual problem becomes

T
min E[—/ e P (1+ pt + log(V&, (1)) dr + 1//Wo]
(i, v)€(0, +00) xNZ 0

1 _epr T t
:Te"’T—Z—i—E[/ em</ r(s)ds) dt}
1Y 0 0

1—e*T
+ IJEI(I) {@D Wo — T IOg(W)}

+ min EUTe—P’ </t( (), 5) + = [Kos) —o@ e[ ds) d;}
ve./\f,z( 0 0 8K ’ 2 0 .

The above implies
1—ePT

Yt =
pWo
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and

1
27 V*(t,w) = arg min gx(, 1)+ f’/co(t, w) —ol(t, w)_lv’2 .
veNk(t, 2

w)

The optimal consumption, investment, and wealth policies are then given by

Iy 1 p
cv:(t) = Wo ﬁéu*(ﬂ = 1T

W ()
n(t) = (o(t)a(t)T)_1 (M(t) +v¥(t) — r(t)i)

—pt _

W _We e PT 1
(1) = Wo 7).

In particular, if n = 1, A_ > 0 and A4 > O, then it can be easily verified that

Gk, =0T — DR —r+v)" +v + 22w = A+t

and
oy (kor + )L-T-]Ut) if oy < —(Ry — 1) — )\.T_]U;z
—(R; —r1) if —(Ry —ry) — )».T.l(ftz <ok < —(Ry — 1) — Utz
ot (kor + 01) if —(Ry —1y) — Utz < orkor < —0,2

vF =<0 if —07 < oykor <0

OtKot if 0 < orkor < (1 +1A)ry
(14 )r; if (14 ), < omor < (14 Ay, + 27 02
oy (kor — )\:lat) if oyior = (1 4+ d)ry + )»:10,2,

which implies

min[#,, A7'] if >y
T = 0 if-[)\,_rtflltfrt
max [0, 2 (ptr + th_ry), —AZ']if e < —tory,

where ) )
of (e —Ry) ifo, (e —R) > 1

=191 if Uz_z(ﬂt —R) <1< Uz_z(l/vt — 1)
Ut_z(ﬂt -1y if Ut_z(Mt —r) =<1

denotes the optimal investment policy in the absence of margin requirements (see Cvi-
tani¢ and Karatzas 1992 or Cuoco and Cvitani¢ 1998).

As long as u; > r; (ie., as long as 77; > 0), the optimal policy at time ¢ consists
in holding a long position in the stock (and lending if u, < r, + atz or borrowing
if & > R, + 0?). The fraction of wealth invested in the stock equals the one that
would prevail with different borrowing or lending rates but no margin requirements until
the latter reaches )Jrl (the maximum allowable percentage long position under margin
requirements).

When u; < —iti_r;, the optimal policy consists in holding a short position in the
stock (and lending). The proportional short position in the stock equals the one that
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would prevail with a lending rate equal to —tA_r; and no margin requirements until
the latter reaches —A_! (the maximum allowable percentage short position under margin
requirements). The reason for using a “shadow” interest rate equal to —tA_r; is of course
that shorting $1 worth of stock involves not only no interest on the proceeds, but a loss
of $tA_r; in interest on the portion of the required margin that must be met with cash.
The induced disincentive to shorting can be significant. In particular, the above implies
that

_ . )\
() < (n(t)—i—(l—i—tk_)a(t)Z) .

For example, with r(t) = 0.06, o () = 0.2, A_ = 0.3 and ¢ = 1, one would need to have

r(t)
o(1)?

) < —(14w) =—195%

(or u(t) < —1.8%) before any shorting at all is done in the presence of margin require-
ments.

Finally, when —A_r; < pu; < ry, the agent does not undertake any stock position and
invests all of his wealth in the bond.

5.2. CRRA Utility and Deterministic Price Coefficients

Next, suppose that u(c,t) = e’p’cl’b/(l — b) for some p € R, b € (0, 1), and that
the price coefficients r, , and o are deterministic continuous functions of time. Then
the proof of Theorem 3 shows that the function

T
V) = m/i\l/la JW,v) = mji\}lz E [/0 ﬁ(l/féu(t),t)dt} + ¥ Wo

VE K VE. K
is well defined for all i € (0, 00), so that

min J(@,v)= min V().
(1, v)€(0, 00)xNE ¥€(0, 00)

Moreover, it follows from standard stochastic control theory that V () = v(¥, 0)+¢ Wo,
where v solves the Hamilton—Jacobi—Bellman (HJB) equation

1 _ i
dmin 5xzvm(x, Dlko(t) — o () W|? — xvy(x, Ngx (v, 1)

—xve(x, O)r(®) +v(x, 1) +u(x,t) =0

with terminal condition
vix, T)=0

(where we write Nk (¢) instead of Nk (¢, w) for the sets in (12), as they do not depend
on o in this case). Since

by—(l—b)/b
1-b

)

t Cl_b t/b
n 1) = L — —e P
u(y, ) max {e —5 yC} e
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it can be easily verified that the solution of the above HIB equation is given by

x—(=b)/b
U(X,I)Zf(f)ﬁ,
where
[ oo+ [[rwa)
f@ = exp| —— + [ h(u)du)ds
t b t
and

1-b
h(t) = b(r(t)+ Jmin [gK(V(t) t)+—|/<o(t) —o®) ()| D

e (TOY
w_(Wo>

V() = arg nj\lf]n {gK(v t)—{——llco(t w)—o(t,w)” v| }

The above implies

and

The optimal consumption, investment, and wealth policies are then given by

W ; 1/b _ —pt/b
e (1) = f(o) 0@ 0) =W
(0 = Lo 0m ™) (1w + v - ro)])
_w. SO /b
W) = Wop o6 (0

Thus, with deterministic price coefficients, future investment opportunities affect the
investor’s propensity to consume c=(¢)/ W (¢) through the “forward-looking” term f(¢),
but not his investment policy. Moreover, unlike the logarithmic case, in which margin
requirements affect the investment policy but not the propensity to consume, in the power
case margin requirements also have an impact on the propensity to consume (again,
through the term f(¢)).

In particular, if n = 1, A_ > 0 and A4+ > 0, then

oy (kor +br3'or) if orkr < —(Ry — 1) — bAT o
—(R; — 1y) if —(R, —r) —bri'o? < oor < —(R, — 1) — ba?
o¢(kor + boy) if —(R, —ry) — bo,2 < orkpr < —bolz
v =<0 if —ba,2 <oko <0
O1KQ; if 0 < okor < (1 +1A)ry
(14 th)ry it (14 ) < omior < (1+ k) +brZ'o?
o (ko — b)»:la,) if oo > (1 + 1Ay + bAZ 0, s
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which implies

min[7;, A7"] if e > 1
Ty = 0 if—l)\._rtflttfrt
max[b~ o2 (u; + th_ry), —AZ']if < —ihory,

where
b~ lo (e — R if b7 (e — Ry) = 1
A =41 if b0 2w — R) <1< b7 o7 H(wy — 1)
b_laz_z(ﬂt —ry if b_laz_z(ﬂt —r) <1

denotes the optimal investment policy in the absence of margin requirements.

6. MINIMAL HEDGING COST IN THE MARKOVIAN CASE

We now analyze in more detail the computation of the minimal cost of hedging (super-
replicating) a claim to a payoff b(St) at time T, where b : R" — R, is lower semi-
continuous.’ We focus on the Markovian case in which the price coefficients (r, R, i, o)
are deterministic functions of the vector S of contemporaneous stock prices and time and
denote by P(S;,t) the minimal cost at time ¢ of superreplicating the contingent claim.
It then follows from Theorem 1 and the fact that S is an It6 process with drift Is(r — v)
and diffusion /go under any probability measure Q, with v € N¢° that

(28) P(S,1) = sup E [b(spyeJi (tfxnnds

o0
veNy

sy =5,

where SV denotes the solution to the stochastic differential equation
(29) ds'(t) = Is(t)(r(t)1 — v(t)) dt + Is(t)o (1) dw(t).

The difficulty with the characterization in (28) is that the sets Nk (f, ) are not uniformly
bounded, so that P is not necessarily a classical solution of the HIB equation correspond-
ing to the stochastic control problem in (28). One possible computational approach would
be to consider a sequence of approximate solutions obtained by constraining v to satisfy
a bound of the form |v(¢, | < n (A x P)-a.e., each of which would be a solution to the
HIJB equation, as in El Karoui and Quenez (1995) and Cvitani¢ et al. (1997). On the other
hand, Broadie et al. (1998) have shown that, in the case of constraints on the portfolio
policies and linear wealth dynamics, the solution to (28) satisfies the Black—Scholes (lin-
ear) partial differential equation, but with a different terminal condition. Unfortunately,
this result does not extend to the present case with nonlinear wealth dynamics. On the
other hand, we will show that it is possible to characterize the solution to (28) in terms
of a quasi-linear partial differential equation with a different terminal condition.

° Naik and Uppal (1994) provide related results in a binomial setting assuming no loss of interest on the
proceeds from short sales.
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Let

g, t,w) = sup [g(—n, t,w)+ nTv] = sup [g(n, t,w) — nTv]
weR” meR”?

denote the convex conjugate of —g(—m, ¢, w) and let N (¢, ) denote its effective domain.
Similarly, let

(30) Sk (v) = sup [—BK(—JT) +7TTU} = sup[—nTv]

meR” rek

denote the convex conjugate of §x (—) and let K denote its effective domain (the barrier
cone of —K). Clearly, §k is a positively homogeneous function (of degree 1). Moreover,
it is easily verified that

(31) N(t, w) = [-(R(t, w) — r(t, ®)), r(t, 0) + A_R(t, 0)]",
a uniformly bounded set, and

{0} ifA_=0,14=0
[0, +00)" if A >0,A1 =0
(—o0, 01" ifA_=0,1y >0
(=00, +00)" ifA_ >0, A4 > 0.

(32) K =

Let AV denote the set of n—dimensiopal processes v such that v(t, w) € N(t, w) (A x P)-
a.e., and let L% denote the set of K-valued essentially bounded processes.

REMARK 4. Since gg (,t) = g(m,t) — §x(r) < min[g(m, t), —0x (w)], we have
(33) gk (v, 1) < min[g(v, 1), 5k (V)].
Moreover, it follows from Theorem 16.4 in Rockafellar (1970) that
(34) gk, = min [2(1, 1) +8x ()],
Equations (33)—(34) (or direct verification from (12), (31), and (32)) imply that
35) Nk (t,0) =N(t, 0) + K
and hence that
(36) x =N+K~.

As in Broadie et al. (1998), define the dominating payoff b by
37) b(S) = sup [b(Se™) eig’((v)],

vek

where Se™" = (Sje "1, ..., Sne_”")T.
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THEOREM 4. We have

A T ~
P(S,1) = sup E[b(Spye™ i o8 ds | g — g,

veN

Proof. We start by showing that in order to hedge b(St) it is necessary to hedge at
least E(ST); that is, lim,q7 P(S,1) > l;(S). For this, fix § > 0 and ¢ € [0, T). Also,
let {"} C K be such that b(Se *")e k") — p(S) as n — +oo and consider the
(deterministic) processes V" € Ng° with v"(s) = u"/(T —1t) for all s € [0, T). Then
(28), (33), the positive homogeneity of Sk, and the fact that (29) implies

(38) S¥(T) = $O(T)ye™ S s
give

P(S,t) > E {b (S%e_ ST ds) o= S s +Ex 0 s)) ds |50 = S]
- E |:b (Sge_ f,Tu;l ds) - J‘[T(rs-i‘gl((v;l’s))ds ! Sto — S:|

—E {b (S%e*"") DKW o= f 1 ds

SP:S]

and hence

lim P(S,t) > b (Sge_“n> )
1T

Letting n — +o00 shows that lim;47 P(S, ) > l;(S). Since in order to hedge b(St) it is
necessary to hedge at least b(S7), we have from (28), (33), and the fact that N C N o
(because of (36))

A T ~
P(S.1) = sup E [b(spye™ I trrintnds gy — ]
veN P
> sup E [ (S) e 0tiCoonds | sy — 5]

veN

On the other hand, since

E [I;(S})—)e_ f,T(rs+§(vs,s)) ds

S,”:S}

S,“:S} Vi e K
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(because K is a convex cone and hence {ftT u(s,wyds : u e K} C K), we also have

sup E [;;( Shye Ji s30n0) ds
veN

S,“:S}

> sup E [b ( S0e fﬂuﬁm)ds) oSk s ds)— [ 43 g0 ds |50 = S}
veN
nekc®

> sup E [b ( %~ f,T(u.v+V.r)dS> o S s 85.9)+5k () ds) ds |80 = S]
veN
nelkc®

— sup E [b ( S0~ f,T(Mervs)dS> o ST s K (us+vs.s)) ds) ds |80 = S]

veN
nekc®

= sup E [b (Sge_ Sy ds) e~ J 043k 05,50 ds) ds ] S? = S}
UEN,?C

= P(S,1),

where the second (in)equality follows from the fact that &g ( ftT s ds) < ftT Sk (is) ds
because § is a positively homogeneous convex function, the third follows from (34), and
the last from (36). O

The above theorem allows us to obtain a PDE characterization of P.

COROLLARY 1. Suppose that the function b in (37) satisfies the polynomial growth
condition

b(S) < ki (1 + %)

for some ki, a1 > 0. If P solves the HIB equation
1 T T
39 0= 3 tr(Psg(S, HIso(S,t)a(S,t) Is) +r(S, t)(Pg(S, 1) S—P(S, t))

+ max (—PS(S, HTSv -3, t)P) + P(S, 1)

veN (1)

with terminal condition
P(S,T) = b(S),

and
P(S,t) <ky(1+ S%?)

for some ky, op > 0, then P(S;,t) is the minimal cost of hedging b at time t.

Proof. This is an immediate consequence of Theorem 4 and of Theorem IV.3.1 in
Fleming and Soner (1993). O
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In particular, with constant coefficients (r, R, o) and n = 1, it can be easily verified
that
. v+ ) T =A+ o))t ifa>0;
g, )=+ _ .
v otherwise,

so that the HIB equation (39) reduces to

1
(40) 0= 5azszpss(& 1) + h(SPs(S, 1), P(S,1)) + P/(S, 1),
where
R(x—y)+—r(x—y)_ ifx>0
h(x,y) = _ Lo
R(r_x+y)” —r(thA_x+y) if x <O.

Also, in this case
Sx(w) =a"lvT 4 )»:le_.

As an illustratipn, for a call option, b(S) = (S — K)T and equation (37) gives I;(S) =
b(S)if Ay =0,b(S)=Sif Ay =1, and

S—K if § >
b(S) = - A
T ) ALK [(I=Ap)S\+ K
if S <
1— Ay K 1— Ay

if 0 < A4+ < 1. In this case, the margin requirement on short-sales is irrelevant. Figure 1
plots the hedging cost as a function of the proportional margin requirement for long
positions (A4), under the assumption that § = K = 50, R = 0.08, 0 = 0.40, and
T = 0.75. The hedging cost equals the Black—Scholes price for the call option when
A4+ = 0 and converges to the underlying stock price as A converges to 1.

50

w >
o o

Hedging Cost (P)
N
o

10§,

0.2 0.4 0.6 0.8 1
Margin Requirement on Long Positions (\4)

FIGURE 1. The cost of hedging a call option as a function of the proportional margin
requirement on long positions (i), assuming S = K = 50, R = 0.08, 0 = 0.40, and
T = 0.75. The dotted line corresponds to the Black—Scholes price computed using the
borrowing rate.
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14

127

[y
[=)

Hedging Cost (P)
[0 o]

0.2 0.4 0.6 0.8 1
Margin Requirement on Short Positions (A_)

FIGURE 2. The cost of hedging a put option as a function of the proportional margin
requirement on short positions (A_), assuming S = K = 50, » = 0.06, 0 = 0.40, and
T = 0.75. The dotted line corresponds to the Black—Scholes price computed using the
lending rate; the dashed line corresponds to the Black—Scholes price computed using a
Zero interest rate.

For a put option, 5(S) = (K — S)*. Moreover 13(5) =b(S) if .- =0 and

K-S if § <
5es) = L 1+ A_
T ) K K\~ . K
if §>
I+ \(I+21)$8 1+ A_

if A_ > 0. In this case, the margin requirement on long stock positions is irrelevant.
Figure 2 plots the hedging cost as a function of the proportional margin requirement on
short positions (A_), under the assumption that S = K = 50, r = 0.06, 0 = 0.40, and
T = 0.75. In this case, even with no margin requirements (A_ = 0), the hedging cost is
higher than the Black—Scholes price for the put option computed using the lending rate,
because of the loss of interest on the proceeds from short-sales. Moreover, the hedging
cost converges to Ke™"T as A_ becomes unboundedly large.

7. EXTENSIONS AND GENERALIZATIONS

The results in the paper can be easily extended to cover the case in which the investor
is allowed to earn interest on the cash proceeds from short-sales at a rate r¢ with 0 <
rc < r. Theorems 1-4 and Corollary 1 still hold, provided that » and R are replaced
with r — r¢ and R — r¢, respectively, in the definition of the function g and of the
sets Nk (¢, w) and N (¢, w). Moreover, the PDE (40) still characterizes the hedging cost
of contingent claims in the case of constant price coefficients (r¢,r, R, o) and n = 1
provided that the function % in (40) is redefined as

hx.y) = Rx -yt —r(x—y)~ if x>0
TR +y) = x + )T +re( +0) ifx <0,



MARTINGALE CHARACTERIZATION OF CONSUMPTION CHOICES 375

More generally, all the main results of this paper extend to a class of problems with
nonlinear wealth dynamics and constraints on the portfolio policies which includes as
special cases those considered in Cvitani¢ and Karatzas (1992, 1993), El Karoui et al.
(1997), and Cuoco and Cvitani¢ (1998).

Indeed, suppose that the admissible portfolio policies are subject to the constraint
(9) for some set K C R”" containing the origin and that the investor’s wealth evolves
according to the stochastic differential equation (8) for some given function g : R" x
[0, T] x Q — R. We assume as in Cvitani¢ and Karatzas (1992, 1993) that K is closed
and convex. Moreover, we assume as in El Karoui et al. (1997) and Cuoco and Cvitanié¢
(1998) that g(-, t, w) is concave and upper semicontinuous on R” with g(0,7, w) = 0
for all (z, w) € [0, T] x Q and that the sets N (¢, w) are uniformly bounded (a sufficient
condition is that g(-, ¢, ) is uniformly Lipschitz continuous).

Defining the functions gx and ggx as in Section 3, the result in Proposition 1 still
holds—that is, the minimum in (11) is attained. To see this, notice that, for any 7 € K,
we have from (11), (34), and (35)

@)  g(r.t,w) = inf [gK(v,t,a))—l—rrTv}
veNk (t,w)
= inf in [2(vi,1, 5 T
Al | B 10+ 42T
= inf [g(vl,t,w)+5K(V2)+ﬂT(v1+v2)}
vieN (t,0)
ek

= inf [g(vl, t, w) —i—nTvl} + inf [SK(vz) —i—nTvz} .
veN(t,0) mek

Since each set N (¢, w) is compact, for any 7 € IT there is a v* € N° such that

vi(t,w) € are min  [g(v,t, @)+ 7(t, ) ]
(t, w) gvleN(hw)[g(l w) +7(t, ) v

Moreover, it follows from (30) that

0 € arg min [Sk(vz) + (¢, a))Tvz].
nek

Equation (41) then shows that

g((t, w), 1, w) = gx(V(t, w), 1, ) + 7(t, w) Vi, ).

Thus, Proposition 1 still holds. In turn, it can be easily checked that this result, together
with the assumed properties of g and K, is all that is needed to derive Theorems 1-4.

8. CONCLUDING REMARKS

This paper has examined optimal consumption and investment choices and the cost of
hedging contingent claims in the presence of margin requirements. The main results
are related to the existence and characterization of optimal policies under fairly general
assumptions on the security price coefficients and on the income process and to a simple
PDE characterization of the hedging cost in the Markovian case. These results generalize
to a class of problems with nonlinear wealth dynamics and constraints on the portfolio
policies.
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APPENDIX

This Appendix contains the proofs of Theorems 1-3. The techniques used are largely
adapted from those in Cvitani¢ and Karatzas (1992, 1993) and Cuoco and Cvitani¢
(1998).

Proof of Theorem 1. We start by showing that

T
P(0) > sup E{/ §u(s)c(s)ds + &(THW .
veN? 0

Let w € I be any trading strategy financing (c, W) with initial wealth x and let W (¢) =

W*¢C7 (1) denote the corresponding wealth process. For any v € N0, we then have by
Itd’s lemma

t t
@ aoW0 + [ e+ [ amdce
t
+ /0 EOWO) (k0. 9) +7(6) v(s) — g(T(s), 9)) ds

t
=x+ / EGOWE) (7)) + 10T ) dus).
0

Since
g((t), 1) = gx (m(t), 1) < g (W(t), ) + () "v(t)

(because of (11)), the process on the left-hand side of (42) is a nonnegative local mar-
tingale, and hence a supermartingale. Thus,

T T
x zE{Eu(T)W(T)vL / Eo(Ne(t)di + / £,(1)dC (1)
0 0
T
+ /0 &0 (2 00.5) + 70 Tv(0) — g(x(0).1) dr}

T
zE[&(T)W(TH / sm)c(r)dt].
0

This shows that

T
P(0) > sup E{/ Sv(t)c(t)dz—i—gv(T)W].
veN} 0

Next, we show that

T
P(0) < sup E[/ Su(t)c(t)df+$v(T)W:|~
ve/\/';;o 0

Clearly, we may assume that the above supremum is finite. Let

T
W(t) = esssup,epre fu (D)™ EC { / Bo($)c(s) ds + Bu(TIW ] ft}
t
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and

t
Vo(t) = /O Bu(s)e(s) ds + Bo() W (D).

It then follows from the principle of dynamic programming that V), is a Q,-supermartin-
gale for all v € ./\/,0(0 (see Prop. 6.3 in Cvitani¢ and Karatzas (1993) for details). By
the Doob—Meyer decomposition and the martingale representation theorems, this implies
that for all v € Ng° there exists an n-dimensional process ¢, with fOT lp(0)|? dt < +00
a.s. and an increasing process C, with C,(0) = 0 such that

t
(43) Vu(@®) = W(0) +/ @u(s) dwy(s) — Cy ().
0
Since
t
(44) Bu()™! [Vu(l)—/oﬂu(S)C(S)dS}

1
= W) = o) {Vo(t) -/ ﬁo(S)C(S)dS]
for all v € Ng°, we have (applying It6’s lemma to the above equality)

Bo() " @u(t) = Bo(t) " po(r)

and
t t
[ Aertacs = [(Wowee.+ 460w o0 ) ds

t
= /0 Bo(s) ™' dCo(s).

Thus, there exists a process 7 such that

(45) CHORCNONERUOEIONIO
and
T T
(46) /0 W (20,0 +70 () di + /0 Bo(t)™'dCo(r)

T
=/ Bu(t) " dCy(1) > 0
0

for all v € N°. Since W > 0 a.e., equation (46) implies that 7 € TII, as otherwise it
would follow from (11) that

t
it /0 W) (2 (0(s), ) +7(5)Tv(s)) ds = o0

and the above inequality would be violated.
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Next, taking v € Ng° to be the process of Proposition 1, an application of Itd’s lemma
to (44) (using (43) and (45)) gives

W) = W) + /0 W) () + 76 T1(5) = )] + Ex 051, + 1) o)) s
-~ /0 es)ds — /0 () dCy(5) + /O W sy T (5) dws)
= WO+ /0 W (r6) + 7)) = rOD) + gx(6),9)) ds
- /0 e(s)ds — C1) + /O W) To ) dus).
where
C@) = /O () dCu(s).

Thus 7 finances (c, W) with initial cost W(0), and hence

P0) =W() = Sup EQ {/ Buv(D)e(t) dt +ﬂu(T)W}

\)E

Since

T
sup E<v [ / ﬂv(r>c<z)dt+ﬂu(T>W}
ue./\/}%o 0

T
= sup E[/ gv(t)c(t)dl““éu(T)W:l
ve/\/'oc 0

< sup EU E,(t)c(t) dt + é,.:v(T)Wil
the above shows that

T
P(0)= sup E[/ Ev(S)C(S)dS-FSu(T)W]
veN? 0

T
= sup E? U ﬂv(s)c(s)ds—i—ﬂv(T)W}. o
veNR° 0

Proof of Theorem 2. Define the consumption policy ¢* and the wealth process W as
in equations (24) and (25), respectively (the latter is finite because of (23)). In order to
prove that ¢* is optimal we will proceed in two steps: first we will show that U (c*) >
U (c) holds for all feasible consumption processes ¢ € C, and then that ¢* is feasible.
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Step 1: By (16), equation (23) implies that

T
(47) E[/ Ex() f(Y&yx(2),t)dt| < +o00 Yy € (0, +00).
0

By the optimality of ¥*, we then have

ST+, v = J (YT, vF)
0 = lim
£—0 &

_ EV " i AW+ )6 (1), 1) — (Y 6 (1), 1)
= m
0

e—0 &

dt + Wy
T
= Wo — E{/ Eve ()™ (1) dt}
0

where the second equality follows from Lebesgue’s dominated convergence theorem and
(47), using the fact that

i ((Y* 4 &) (0), 1) — i (Y* & (1), 1)

&

((W* = leD& (1), 1) — i (Y*E (1), 1)

le]

<& f((W* = eD&(0), 1) < Su*(t)f((l//*/z)su*(t), t)

u
<

for |e| < ¥*/2, because u(-, t) is decreasing and convex, (3/3y)u(y,t) = —f(y, t), and
f (-, t) is decreasing. Therefore,

T
(48) E{/ év*(t)c*(t)dt} = Wo.
0
Next, let ¢ € C be any feasible consumption process in (P). Since by concavity

(49) u(f(y,0,0) —ule,t) 2 y[f(y,1) =c] ~ Ye >0,y >0,

we have
T
U —-U(c) = E[/ (u(c*(t), 1) —u(ce(r), t)) dt}
0
T
> 1/f*E{/ Epe (1) (™ (1) — C(l))dl] > 0.
0

Hence, ¢* must be optimal provided it is feasible.
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Step 2:  Since the process
t
M) = & OW () + /0 e (D)e(D) d

is a P-martingale with M (0) = W), it follows from the martingale representation theorem
that there exists an adapted process ¢ with fOT lp(1)|? dt < +00 a.s. such that

t t

50 EOW) + / £ (s)c(s) ds = M(1) = Wo + / o(5)Tdw(s).
0 0

Define a process m by

£ OWO (0 (OT7(0) + K0 (1)) = 90,

An application of It6’s lemma to (50) then shows that
t
W) = Wo + / W(s)(r(s) +m(s) T (uu(s) +v*(s) = r()T) + g (V*(s), 8)) ds
0

- /Otc(s) ds + /OtW(s)n(s)Ta(s) dw(s),
so that in order to prove that c¢ is feasible we only need to show that = € IT and
(51) g (), 1) = gx (W (1), 1) + (1) v (@), (A x P)-ae.
Letv e N, Il{’ be arbitrary and define the processes
T
Ny (1) =/t (0(5) "' w(s) = v*()) " (dw(s) =y (s) ds)

and

t
Gu(l)=/O (8x (v(s),$) — g (V*(5),8)) ds

as well as the stopping times
7, =T /\inf{t €[0,T]:|Ny()| = n, or |Gy(t)| > n,
t
or / lo(s)T((s) — v*(s)) ds > n,
0
t
or / £ ()W ()20 ()L (W(s) — v¥ () ds > n,
0

t
or / Eve ()W ()20 () T (s) + v ()P s = n}
0
Then t, 1 T almost surely. Moreover, letting

Ven(t) = v (1) +e[v(t) — v (Ol <,
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we have v;, € N% for all & € (0, 1) (because of the convexity of the sets Nk (¢, w))
and

g2

ATy
(52) sug,,,o)=su*(r>exp<—em<rw>—2 /0 lo(s) " (v(s) — v*(s))|* ds

AT
- /0 (8r (") +e0(5) = V(5. 9)
— E (). ) ds)
= & (e,
where the inequality follows from the definition of t, and the fact that
(53)  gx () +e(®) —v*®), 1) — gx (W (1), 1) <@ (v(®), 1) — gx (V' (1), 1)
(because of the convexity of gg (-, t)). This implies

u(Prg,, (), 1) —a(Y*&x (1), 1)

&

(54) < Y Kb (1) f(YFe 3" E (1), 1),

where K,, = supse(o’l)(ek” —1)/e
We then have

JW*, ven) = J(F, V)

&

55 0 < i
(55) —glf(}

T ~ % - -
0

el0 &
T
=y*E UO £+ (1)C* (1)

X <Nv(t ATy + Ef(}

) /,Mn G (V) 4+ £(0(s) — V*(5)), 5) — Gk (V*(5), 5) ds> dt}
0

&

T
= Kﬁ* E|:/ SU*(t)C*(t)(Nv(t ANTp) + Gyt A Ty)) dt:|
0
=y* E{/O nfu*(l)C*(l)(Nv(t) +Gy(1)dt
+ & () W (7)) (N (T0) + Gv(fn)):| ,

where the first (in)equality follows from the optimality of v*, the second from Fatou’s
lemma (using (54) and (47)), the third from (19) and (52), the fourth from (53), and the
last from (25), and the law of iterated expectations.
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On the other hand, by Itd’s lemma

Evx (Tn) W (Tn) (Nv(Tn) + Gv(fn))

= /()Tnév*(t)W(t)(o(t)‘l(v(t) —v (1)) (dw(t) — ke (1) dt)
+ /0 " OWO (Ex (05, 5) — Ex (7 (5), 9)) ds
- /0 "6 (0 O (No(1) + Go (1)) di
+ /0 e W) (No(®) + G () ()T (1) + k(1)) dw (1)
+ /0 f"gu*(,)w(,)(a(,)n,(t) + i) o W) = vE(0) dr.

Since the stochastic integrals in the previous expression are martingales, taking expecta-
tions gives

ok Uo 6O (M) + o)) di + Eur (0 W () (N + Gu(rn))}
F Uo e OWO (1) 00 = v O) + g 00,0 = gr (70, 1)) dr] .

Substituting the last equality in (55) gives

D E { | e oW (5000 +7070) dt]

> E[/ "gv*(t)W(t)<gK(v*(z), 0+ n(t)Tv*(t)) d:} > —o0
0

for all v € N, ,[; and all n (where the second inequality follows from taking v = 0 in

(56)).

Since

inf  [gx(v, 1, ) +7(t, ®) V] = gg (T(t, W), 1, W)
UEN]((Z‘,(U)

and the right-hand side of the above equation equals —oo if 7 (¢, w) € K, equation (57)
implies that 7w € I1. Then, taking v to be the process in Proposition 1, (57) gives

E [ /0 G OWO (85T, 1) = G050, 5) = 70 TV 0)) ds} >0,

Since equation (11) implies that gg (7 (1), f) — §x (v*(s), s) —m(¢) Tv*(t) < 0, this shows
that (51) holds and hence that 7 finances c*. O
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Proof of Theorem 3. 1t is easy to see that, under the assumptions of Theorem 3, a
sufficient condition for the minimum in (P*) to be attained is that for all ¥ € (0, +00)
there exists a solution to the problem

(58) min2 J(, v).

VE, K

In fact, letting V() denote the value function in (58), it is easily verified that V is
strictly convex and continuous on (0, +00). Moreover, condition (a) and the definition
of u imply that

(59) u(y,t) > u0+,t) > —o0.

It then follows from Jensen’s inequality, the fact that E[£,(r)] < 1 for all v € A/ 2 and
all + € [0, T] (because B, < | and Z, is a supermartingale), and equation (20) that V
satisfies the coercivity conditions

T T
lim V() > / u(y, t)de + vy Wy > / u(0+, t)dt + vy Wy = +00
Y 1+o0 0 0

and

T
lim V(4 Z/o iy, 1) dt + Wy = 400.

Therefore, given condition (b), V must attain a (unique) minimum on (0, +00), and
hence (P*) has a solution.

By Proposition 2.1.2 in Ekeland and Temam (1976), in order to prove that the problem
in (58) has a solution it is sufficient to show that (i) /\/?( is convex and closed in LZ( x
P), and (ii) J (¥, -) is convex, coercive, and lower semicontinuous on ./\/?(

The convexity and closedness of J\/',% follow from the fact that each of the sets
Nk (t, w) is convex and closed in R” and the fact that convergence in L*(A x P) implies
convergence (A X P)-a.e. along a subsequence.

The convexity of J(y, -) follows from the fact that the map v + log&,(¢) is convex
and the map x — u(e”, ) is decreasing (by Lemma 1) and convex (by condition (a)).
Coercivity follows from the fact that

T
T = E[/ B Zy(0), r)dt]
0
T
i E[log Z, ,t)d
z/o i (v exp(Ellog 2,()1). 1) dr

T 1 T
=/ i (wexp (—E/ |Ko(t)+6(t)1v(t)|2dt> ,r) dt
0 2 Jo

(because of Jensen’s inequality and the convexity of the map x +— u(e*, t)), together with
(20) and condition (a). Lower semicontinuity follows from Fatou’s lemma, using (59).
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Thus, under conditions (a) and (b), (P*) has a solution. Moreover, we have from
condition (c) that
yf(y’ t) S a-+ (1 - b)“(f()’» t)’ t)a

and hence

byf(y,t) <a+ A =b)u(f(y,0),t) —yf(y, )l =a+ 1A - bi(y, 1),

so that
E{/Té O fW &), 1) dt| < - +l_bE[/Tﬂ(w*€ (1), 1)dt
o e oy by Lo ”’
a 1-b * ok *
= 0 g YWD =y W)
< 4o00.

Therefore, condition (23) of Theorem 2 is also satisfied, and hence there exists an optimal
consumption/investment policy. a

REFERENCES

BROADIE, M., J. CviTanI¢, and H. M. SoNER (1998): Optimal Replication of Contingent
Claims under Portfolio Constraints, Rev. Financial Stud. 11, 59-79.

Cox, J. C., and C.-F. HUANG (1989): Optimal Consumption and Portfolio Policies when Asset
Prices Follow a Diffusion Process, J. Econ. Theory 49, 33-83.

Cuoco, D. (1997): Optimal Consumption and Equilibrium Prices with Portfolio Constraints
and Stochastic Income, J. Econ. Theory 72, 33-73.

Cuoco, D., and J. CviTaNi¢ (1998): Optimal Consumption Choices for a “Large” Investor,
J. Econ. Dynam. Control 22, 401-436.

CvITANIC, J., and 1. KarATZAS (1992): Convex Duality in Constrained Portfolio Optimization,
Ann. Appl. Probab. 2, 767-818.

CvITANIC, J., and 1. KarATZAS (1993): Hedging Contingent Claims with Constrained Portfo-
lios, Ann. Appl. Probab. 3, 652-681.

CVITANIC, J., I. KARATZAS, and H. M. SoNER (1997): Backward Stochastic Differential Equa-
tions with Constraints on the Gains-Process, Working paper, Columbia University.

EKELAND, L., and R. TEMAM (1976): Convex Analysis and Variational Problems. Amsterdam:
North-Holland.

EL Karoul, N., S. PENG, and M. C. QUENEZ (1997): Backwards Stochastic Differential
Equations in Finance, Math. Finance 7, 1-71.

EL Karoul, N., and M. C. QUENEZ (1995): Dynamic Programming and Pricing of Contingent
Claims in an Incomplete Market, SIAM J. Control Optim. 33, 29-66.

FLEMING, W. H., and H. M. SoNER (1993): Controlled Markov Processes and Viscosity Solu-
tions. New York: Springer-Verlag.

HaARrrisoN, M., and D. Kreps (1979): Martingales and Arbitrage in Multiperiod Securities
Markets, J. Econ. Theory 20, 381-408.

HE, H., and N. D. PEArsON (1991): Consumption and Portfolio Policies with Incomplete
Markets and Short-Sale Constraints: The Infinite Dimensional Case, J. Econ. Theory 54,
259-304.



MARTINGALE CHARACTERIZATION OF CONSUMPTION CHOICES 385

HeATH, D. C., and R. A. JARROW (1987): Arbitrage, Continuous Trading, and Margin Require-
ments, J. Finance 42, 1129-1142.

Karatzas, 1., and S. Kou (1996): On the Pricing of Contingent Claims under Constraints,
Annals of Applied Probability 6, 321-369.

KarATZAS, 1., J. P. LEHOCZKY, and S. E. SHREVE (1987): Optimal Portfolio and Consumption
Decisions for a “Small Investor” on a Finite Horizon, SIAM J. Control Optim. 25, 1557—
1586.

KarATZAS, 1., J. P. LEHOCZKY, S. E. SHREVE, and G.-L. XU (1991): Martingale and Duality
Methods for Utility Maximization in an Incomplete Market, SIAM J. Control Optim. 29,
702-730.

KArATzZAS, 1., and S. E. SHREVE (1988): Brownian Motion and Stochastic Calculus. New
York: Springer-Verlag.

NaIK, V., and R. UppaL (1994): Leverage Constraints and the Optimal Hedging of Stock and
Bond Options, J. Financial and Quant. Anal., 29, 199-222.

ROCKAFELLAR, R. T. (1970): Convex Analysis. Princeton, NJ: Princeton University Press.

Sor1aNOS, G. (1988): Margin Requirements on Equity Instruments, FRBNY Quart. Rev., Sum-
mer, 47-60.

Xu, G.-L., and S. E. SHREVE (1992): A Duality Method for Optimal Consumption and Invest-
ment under Short-Selling Prohibition. I. General Market Coefficients, Ann. Appl. Prob. 2,
87-112.



