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1. Introduction

Circuit breakers in financial markets based on indices are widely implemented in many
countries (e.g., the United States, France, Canada, and China) as one of the measures
aimed at stabilizing market prices in bad times. In most cases, when the percentage
decline in a market index reaches a regulatory threshold, the circuit breaker is triggered
and trading is halted for a period of time for the entire market. Recent COVID-19
fears triggered circuit breakers multiple times across many countries including the United
States, Japan, and South Korea. For example, circuit breakers on the S&P 500 were
triggered twice during the week of March 9, 2020 and plunged almost 10% on March 12,
2020. In a dramatic move, Chinese regulators removed a four-day-old circuit breakers
rule after it was triggered twice in the week of January 7, 2016. One open question
in the existing literature on circuit breakers (e.g., (Chen, Petukhov, and Wang (2017),
Greenwald and Stein (1991), [Subrahmanyam (1994)) is how circuit breakers affect the
systemic risk caused by stock return correlations and market-wide contagion in bad times.
In this paper, we develop a continuous-time asset pricing equilibrium model to shed some
light on this important issue.

Contrary to regulatory goals, we show that in bad times, circuit breakers can cause
crash contagion, volatility contagion, and high correlations among otherwise independent
stocks, and can significantly accelerate market decline and increase market volatility.
Our analysis suggests that the circuit breakers rules might have significantly exacerbated
the international market plunges and extreme volatility triggered by the COVID-19 pan-
demic, because of the contagion effect. Our analysis can also help explain the concurrence
of the implementation of the circuit breakers rule and the significant market tumble in
the week of January 7, 2016 in Chinese stock markets. Our model suggests that market-
wide circuit breakers may be a source of financial contagion and a channel through which
idiosyncratic risks become systemic risks. We propose an alternative circuit breaker
approach based on individual stocks, rather than an index, that does not cause either
correlation or any contagion.

In our model, investors can invest in one risk-free asset and two risky assets (“stocks”)
with independent jump diffusion dividend processes to maximize their expected utility

from their final wealth at time 7. Investors have heterogeneous beliefs about the drift

INeedless to say, circuit breakers may play a positive role in stabilizing markets. For example, they
may reduce the effect of overreaction, panic, and herding on stock prices. Our model does not consider
some potential benefits of market closure that can potentially justify the imposition of circuit breakers
and is designed to shed light on some potential costs of circuit breakers.



of a dividend process and the disagreement between two types of investors is stochastic.
To highlight the role of circuit breakers, we assume that the investors have exponential
preferences so that, in the absence of circuit breakers, the equilibrium stock returns are
independent. The stock market is subject to a market-wide circuit breaker rule in the
sense that if the sum of the two stock prices (the index) reaches a threshold, the entire
stock market is closed until 7.

The intuition for our main results that circuit breakers increase return correlations,
cause contagion of crash and volatility, accelerate market decline, and raise market volatil-
ity is as follows. After the circuit breaker is triggered, the market is closed, and thus risk
sharing is reduced, which in turn causes stock prices to be likely lower than those without
market closure. Therefore, when an idiosyncratic negative shock to the price of one stock
occurs, the sum of stock prices (in general, the index of the market) gets smaller, the
probability of reaching the circuit breaker threshold increases, and thus the price of the
other stock may also decrease in anticipation of the more likely market closure. This link
through the circuit breaker induces the positive return correlation, even though stocks
are independent in the absence of the circuit breaker. When the idiosyncratic shock is
large, and thus the index becomes close to the circuit breaker, this increase in the cor-
relation is even greater because the likelihood of market closure is much higher. In the
extreme case where one stock crashes and the circuit breaker is triggered, the price of
the other stock must jump down to the after-market-closure level. This results in crash
contagion. Because, after some stocks fall in prices, the index gets closer to the circuit
breaker threshold, other stock prices also fall due to the fear of market closure, which in
turn drives the index even closer to the threshold, and so on. It is this vicious cycle that
may increase market volatility. In addition, as one stock becomes more volatile (e.g., due
to an increase in the volatility of its dividend), the likelihood of triggering the circuit
breaker becomes greater, and thus the prices of other stocks also become more volatile.
This explains why a crash of one stock may cause another stock to crash and volatility
can transmit across stocks even though stocks are independent in the absence of circuit
breakers. These contagion effects may transform idiosyncratic risks into systemic risks.

Our results suggest that to reduce the contagion effects and the systemic risks, it is
better to impose circuit breakers on individual stocks. In this alternative approach, the
threshold is based on individual stock returns: when a stock’s circuit breaker is triggered,
only trading in this single stock is halted. This alternative approach does not increase
correlations or cause any form of contagion. We show that with this alternative approach,

stock prices are generally higher, a market-wide large decline is less likely, and systemic



risk is lower, compared to those with circuit breakers imposed on an index.

In the model, we assume there are only two stocks in the index on which the circuit
breakers are based. One possible concern is that in practice indices typically consist of
hundreds of stocks (if not more) and therefore it is unlikely that one stock’s fall would
trigger the fall of many other stocks. On the other hand, in bad times, markets typically
focus on a small number of key factors such as Federal Reserve decisions and major
economic news. Each of the two stocks in our model represent a large group of stocks
that are significantly exposed to a common risk factor in bad times. When there is a bad
shock in the risk factor, the prices of the large group of stocks go down, which can drag
down another large group of stocks through the circuit breakers connection even though
the latter group of stocks is not exposed to the risk factor.

Our paper is motivated by the seminal paper |(Chen, Petukhov, and Wang (2017).
Using a dynamic asset pricing model with a single stock, |Chen, Petukhov, and Wang
(2017) are the first to show in a dynamic equilibrium setting that, contrary to some of
the main goals of regulators, a downside circuit breaker may lower stock price, increase
market volatility, and accelerate market decline (which they call the “magnet effect”).
Our analysis is an extension of their model to a dynamic equilibrium model with multiple
stocks to examine the cross-stock contagion effect of circuit breaker rules. We show that
the magnet effect they find is robust to a setting with multiple stocks and becomes
even stronger because of the contagion effect. An important difference from their model
is that we incorporate a jump risk, which can be significant in bad times. Because
of the jump risk, circuit breakers have a possible price limit effect (i.e., stock prices
cannot fall below the circuit breaker threshold level) and the market can crash. We
show that, in the presence of jump risk, a crash in one stock can cause a crash in an
otherwise independent stock, and circuit breakers can reduce market volatility in some
states due to the price limit effect. In addition, in|Chen, Petukhov, and Wang (2017) the
main mechanism through which circuit breakers affect price dynamics is the difference
in leverage before and after market closure. Before market closure, investors face no
constraints on leverage, but after market closure they cannot lever at all to ensure solvency
during the closure. As a result, investors need to completely unlever when the circuit
breaker is triggered, which magnifies the effect of market closure. In this paper, there is
no constraint on leverage either before or after market closure. Our results suggest that,
even in the absence of leverage constraints, the magnet effect is still present and circuit
breakers can still have a large impact on price dynamics.

Among other theoretical work related to circuit breakers, (Greenwald and Stein (1991)



show that in a market with limited participation, circuit breakers can help coordinate
trading for market participants. [Subrahmanyam (1994) demonstrates that circuit break-
ers can increase price volatility because investors may shift their trades to earlier periods
with a lower liquidity supply if there is information asymmetry. [Hong and Wang (2000)
examine the impact of periodic exogenous market closure on asset prices and show that
their model produces rich patterns of trading and returns consistent with empirical find-
ings.

Many empirical studies find evidence against advocates of circuit breakers (including
market-wide circuit breakers, price limits, and trading pauses). For example, exploiting
Nasdaq order book data, [Hautsch and Horvath (2019) show that trading pauses cause
extra volatility and reduce price stability and liquidity after the pause, but enhance
price discovery during the break. [Kim and Rhee (1997) find evidence from Tokyo Stock
Exchange data suggesting that the price limit system may be ineffective in the sense that
price limits may cause higher volatility levels, prevent prices from efficiently reaching their
equilibrium level, and interfere with trading. \Lauterbach and Ben-Zion (1993) examine
the behavior of the Israeli stock market to study the performance of circuit breakers
during the October 1987 crash. They find that circuit breakers reduced the next-day
opening order imbalance and the initial price loss; however, they had no effect on the
long-run response. Lee, Ready, and Seguin (1994) examine the effect of firm-specific New
York Stock Exchange (NYSE) trading halts and find that trading halts do not reduce
either volume or price volatility during the post-halt period. |Goldstein and Kavajecz
(2004) focus on the NYSE during the October 1997 market break and demonstrate the
magnet effect, that is, an acceleration of activity approaching the market-wide circuit
breaker

Unlike the existing literature, this paper studies impacts of market-wide circuit break-
ers on the dynamic interactions among multiple stocks. Even though circuit breakers are
designed exclusively to stabilize markets in bad states, we find that market-wide cir-
cuit breakers can have significant crash and volatility contagion effects, especially in bad

states. To the best of our knowledge, this prediction is new to both the theoretical and

2A few other studies on market halts focus on other related issues. For example,
Ackert, Church, and Jayaraman (2001) conduct an experimental study to analyze the effects of man-
dated market closures and temporary halts on market behavior. [Corwin and Lipson (2000) study order
submission strategies of traders around market halts, providing a detailed description of the mechanics
of trading halts and identifying traders who provide liquidity. [Christie, Corwin, and Harris (2002) study
the impact on post-halt market prices of Nasdaq’s alternative halt and reopening procedures. Their re-
sults are consistent with the hypothesis that increased information transmission during the halt reduces
post-halt uncertainty.



the empirical literature on circuit breakers.

The rest of this paper is organized as follows. In Section 2, we formulate the basic
market model. In Section 3, we solve the market equilibrium in the absence of circuit
breakers. In Section 4, we study the market equilibrium when there are circuit breakers.
In Section 5, we quantitatively examine the impact of circuit breakers on equilibrium

prices and their correlation. Section 6 concludes. All proofs are provided in the Appendix.

2. The Model

We consider a continuous-time exchange economy over the finite time interval [0,7].
Investors can trade two stocks, Stock 1 and Stock 2, and one risk-free asset. Each of the
two stocks in our model represents a group of stocks that share the same significant risk
exposure in bad times. The risk-free asset has a net supply of zero and the interest rate
can be normalized to zero because there is no intertemporal consumption in our model.
The total supply of each stock is one and each stock pays only a terminal dividend at
time 7. The dividend processes are exogenous and publicly observed. Uncertainty about
dividends is represented by a standard Brownian motion Z; and an independent standard
Poisson process NN, defined on a complete probability space (€2, F,P). An augmented
filtration {F;}>0 is generated by Z; and N;.

There is a continuum of investors of Types A and B in the economy, with a mass of
1 for each type. For i = A, B and j = 1,2, Type 7 investors are initially endowed with
9;0 shares of Stock j but no risk-free asset, with 0 < 9;0 <1 and Hﬁ] + 9;.30 = 1. For Type
A investors, the probability measure is P4, which is the same as the physical probability

measure P. Under Type A’s probability measure, Stock 1’s dividend process evolves as:
dDy, = pi‘dt + odZ,, (1)
and Stock 2’s dividend process follows a jump process with drift:
dDsy = podt + prydNy, (2)

with D; = 1 for j = 1,2. Stock 1’s dividend growth rate ', Stock 1’s dividend volatility
o, and Stock 2’s dividend growth rate us are all constants. The Poisson process N; has
a constant jump intensity of x and a constant jump size of u;.

Relative to Type A investors, Type B investors have different beliefs about the divi-



dend process D;; and employ a different probability measure PZ, under which the divi-
dend process Dy ; evolves as
dDyy = piydt + odZ), (3)

where ZP is a Brownian motion under measure P?, and ,uft = uft + 6, for a stochastic
process 0; that measures the disagreement between Type A and Type B investors about
the growth rate of the dividend process D;;. The Radon-Nikodym derivative between
the two probability measures is therefore defined as follows.

dpP?B T 6t gy (T 92
nr = dpﬁb% — elo FdZ=Jo szt (4)

For the disagreement process d;, we assume that under the probability measure P4:

d5t = —k(dt — 5)dt -+ VdZt, (5)

where ¢ is the constant long-time average of the disagreement (which could be zero), k
measures the speed of mean reversion, and v is the volatility of the disagreement

For simplicity and without loss of the main economic insights, we assume that there is
no disagreement about the dividend process D, between Type A and Type B investors
Circuit breakers have two direct effects: The first is the market closure effect, i.e., investors
cannot trade for a period of time after circuit breakers are triggered; the second is the
price limit effect, i.e., stock prices cannot fall below the circuit-breaker threshold levels.
As we show later, without a jump in a dividend process, the price limit effect would
be absent because prices move continuously to the levels implied by the fundamentals.
Without stochastic disagreement, the market closure effect would be absent in our model
because investors would not trade after time zero even without circuit breakers. Thus
we propose the above two dividend processes to capture these two direct effects in the
simplest way

It follows from ({) and (@) that Z? = Z, — %dt and is thus independent of N;.

3In the Appendix, we show that this §; process is consistent with Kalman filtering when Type B
investors do not know the expected growth rate of Stock 1’s dividend.

4In a previous version of the paper, we also allowed disagreement on the stochastic process followed
by Dividend 2. However, this more complicated model did not provide new insight into the effects of
circuit breakers. Another alternative, assuming disagreement about the dividend process D3 : but no
disagreement about the dividend process D, also yields the same qualitative conclusions, but is more
complex. We therefore simply assume there is no disagreement about the dividend process D5 ; in order
to focus on the main ideas.

5Using a jump diffusion dividend process for both stocks would not change our conclusions, but
complicates analysis.



Hereafter, we use the convention E'[-] to denote the expectation under the probability
measure P’ for 1 € {4, B}.

To isolate the impact of circuit breakers on stock return correlations, we assume that,
for i € {A, B}, Type i investors have constant absolute risk averse (CARA) preferences

over the terminal wealth W at time T

where v > 0 is the absolute risk aversion coefficient. With CARA preferences, there is
no wealth effect and therefore in the absence of circuit breakers, it can be shown that
returns of the two stocks would be independent.

Trading in the stocks is subject to a market-wide circuit breaker rule as explained next.
Let S;; denote the price of Stock j = 1,2 at time ¢t < T and the index S; = S1+ + Sa

denote the sum of the two pricesH Define the circuit breaker trigger time
T=1inf{t:S; < h,t €[0,T)},

where h is the circuit breaker threshold (hurdle). At the circuit breaker trigger time 7,
the market is closed until TB which results in the market closure effect, and the index
Sit + Szt of stock prices cannot go below h, which leads to the price limit effect. In
practice, the circuit breaker threshold h is typically equal to a percentage of the previous
day’s closing level. In this paper, we set h = (1 — «)S, for a constant « (e.g., & = 0.07
for the level 2 market closure in the Chinese stock markets and for the level 1 market

closure in the U.S. market).

3. Equilibrium without Circuit Breakers

As a benchmark case, we first solve for the equilibrium stock prices when there is no

circuit breaker in place in the market. To do so, it is convenient to solve the planner’s

6Using a different form of the combination of the stock prices as the index would not change our main
results, as long as the index is increasing in both stock prices.

7Assuming that markets can reopen after being halted for a period of time would not change the
qualitative results on contagion. Quantitatively, the results are close in very bad times, because the fear
of market closure is similar whether the closure is long or relatively short in very bad times.



problem:

max EQu(7) + Enru(Wh)), ()
WA WE

subject to the budget constraint WA+W.2E = Dy 7+ D, r, where £ is a constant depending
on the initial wealth weights of the two types of investors.

From the first order conditions, we obtain:

1 1 1
Wit = —log( )+ 5(Dir + Do), (7)
Enr
B 1 1 1
Wiy =—5- Og( ) + (D1 7+ Dar). (8)
Enr

Given the utility function u(x) = —e™*, the state price density under Type A investors’

beliefs is
= B (o (W7)] = B y¢e 4] = 4(E2E nf - 3 PrrtPar)], (9)

for some constant (. Therefore, the stock price in equilibrium is given by

6 Ef [7#Djr] _ D, E{ [74(Djr — D;,)] i—12 (10)
8 Ef'[m7] . E{! 7] ’ ’

Since the two dividend processes are independent, Equation (I0) can be simplified into

. EA[r{ D . EA [ D
Sl,t _ [ALTA 1,T]’ b = t [A27TA 2,T]’ (11)
[ [7T17T] £ [WQ,T]
where 77!, = EA[n;/Q e~ 3Pur), Tay = EA[nil/Ze_%D?vT]. Thus, the two prices can be

computed separately when there are no circuit breakers, which implies that stock returns
are independent.

Next, we derive the equilibrium prices in closed form for the two stocks. Then,
we examine the impact of the jump and the stochastic disagreement on the market
equilibrium.

For Stock 1, the disagreement process is governed by the mean-reverting process (3.
The formula of equilibrium price Sl,t can be derived analytically and is presented in the

following proposition.

PROPOSITION 1. When there are no circuit breakers, the equilibrium price of Stock

9



(12)

A dA(t; dC'(t;
Sl,t:D1,t+Mi4(T—t)—2< ( 7)+ ( 7)5,5),

dry dry
where A(t;) and C(t;) are given in Appendiz A.

Proposition [l shows that, in addition to the dividend payment, disagreement also
affects the price of Stock 1. As a result, the instantaneous volatility of the stock price
Sl,t is not the same as that of the dividend process.

To show the importance of stochastic disagreement, we next show what would happen
if the disagreement were constant, that is, §; = do for all ¢ € [0,7]. In this case, the
equilibrium price would simplify to

Y o

A B
P oy 1oX(T - 1),

S1p =Dy +

Thus, the equilibrium price of Stock 1 would be determined by the average beliefs of
Type A and B investors on the growth rate of the dividend and the volatility of the stock
price would be the same as the volatility of its dividend. Moreover, by applying Ito’s
A 7.‘.A A
]Et]E[ff;r?}?T]

of shares of Stock 1 held by Type A investors would be equal to

lemma to the wealth process W/ = , we can find that the equilibrium number

R 1 196
o7, = - 0 (13)

2 2y0?
which implies that the equilibrium number of shares of Stock 1 held by Type B investors
would be equal to

w116
0, =+ ——. (14)

2 " 2y0?
Because the number of shares held by investors in the equilibrium would be constant
over time if the disagreement were constant, market closure would not have any impact
on the equilibrium price in the case of constant disagreement. This result implies that
stochastic disagreement is necessary for circuit breakers to have any impact through the
market closure channel.
For Stock 2, the equilibrium price is obtained by evaluating the second formula of

(II) directly. The result is presented in the following proposition.

10



PROPOSITION 2. When there are no circuit breakers, the equilibrium price of Stock
2 1s:

Syt = Doy 4 po(T —t) + ks (T — t)e” 21 (15)

Proposition [2 shows that the instantaneous volatility (square root of instantaneous
variance) of the equilibrium price of Stock 2 is the same as that of the dividend process
because the rest of the terms in (IH) are deterministicH

Let é{}t be the optimal shares of Stock i held by Type A investors. Then dW/ =
éftdg1,t + ég{tdﬁu. We can obtain the optimal share holding of Stock 2 for Type A
investors as

" 1

2,t 57
which is a constant. This indicates that in the absence of circuit breakers, the equilibrium
trading strategy in Stock 2 for all investors is to buy and hold (similar to Stock 1 when
the disagreement is constant). Therefore, in the presence of circuit breakers, there is no

market closure effect for Stock 2.

4. Equilibrium with Circuit Breakers

In this section, we study equilibrium prices when the circuit breaker rule is imposed in
the market. We first solve for the indirect utility functions at the circuit breaker trigger

time 7 by maximizing investors’ expected utility at 7 < T

max Ez [U(W; + 0;7(5177“ - Sl,’r) + Hé,T(ngT - 5277-))], 1€ {A, B}, (16)

0,05,

1,7

with the market clearing condition QfT + 607 =1 and the terminal condition S;r = D;r,
where 6 is the optimal number of shares of Stock j held by Type ¢ investors at time 7,
fori e {A,B} and j =1,2.

If the circuit breaker is triggered by a continuous decline in Stock 1’s price, then
the after-closure prices of both stocks will reflect their respective fundamental values.
If the circuit breaker is triggered by a jump in Stock 2 price, we assume that investors
can trade the stocks one more time, and in addition, Stock 1 can trade to reach its

fundamental value, but Stock 2’s price may be limited by the circuit breaker threshold.

8If there were stochastic disagreement on Stock 2’s dividend, then the volatility of the equilibrium
price of Stock 2 would be different from that of the dividend process.

11



The rationale behind this assumption is that the jump can be viewed as an approximation
of a deterministic steep decline (less than but very close to a 90-degree drop) and during
the fast decline, Stock 1 can trade freely instantly and thus reach its fundamental value
before Stock 2’s price is limited by the circuit breaker threshold.H

Exploiting the dynamics of D;; and evaluating the expectation in the above optimiza-
tion problems, we reach a system of equations that determine 9;,7 fori e {A,B},j =1,2.
Then the equilibrium prices are obtained through market clearing conditions. We sum-

marize the result in the following proposition.

PROPOSITION 3. Suppose that the market is halted at a stopping time T < T.
(1) For Stock 1, the market clearing price at T is given by

St =Di,+ ,uf(T —7)— ’y@f‘ﬁaQ(T —T7),
where the optimal share holding of Type A investors is

1 ];? =T kg l—elg(th)
— (1= — BT — 7 - ) 1 I

GA — k 17
Lr I +~o%(T —71) ’ (17)
with k =k — £ and
2wy 1 — ek(r=T) 2y 1 — ek(r=T) 1 _ o2k(r=T)
I =—o*(r-T)+——(T—-7- o +—(T—7—2—— =
10 (r=T) 4 = )+ ( )

If k=0, the optimal share holding is simplified mto.

1 (an — wo(r —T) + 3ké(r = T) + L2 (7 - T)? — 5T>

68 = =
b —vo(t—=T) + ”—33(7 —T)% 4 202

(2) For Stock 2, the market clearing price is given by
50 = D5+ pao(T = 7) + rpge 2 (T = 7),

where D3 € [Dyr, Dy ;) is such that S§, + S5 = h. The optimal share holding of Type

A investors at T is specified in Section 4.1.

9Using another way of dividing the price limit effect does not produce qualitatively different results
on contagion.
101t can be verified that as 7 — T, HfT — % — 22%, which coincides with the optimal share holding

of Stock 1 by Type A in the case of constant disagreement.

12



The proofs are collected in Appendix B.

By the definition of Dj ., we see that S5 > ggm that is, the market clearing price
of Stock 2 is not less than the equilibrium price in the absence of circuit breakers. This
is because the circuit breaker prevents the price from falling beyond the threshold. As
a consequence, we show at the end of Appendix B that if there is only Stock 2 in the
market, its equilibrium price S, in the presence of circuit breakers should not be less
than S’Q,t, the equilibrium price in the absence of circuit breakers. The difference Sy, — Sg,t
reflects the price limit effect.

If the circuit breaker is triggered by a decline in the price of a stock with a continuous
dividend process, investors can continuously adjust the valuation to reflect the funda-
mentals represented by the dividend process, and thus the price limit effect is zero. In
contrast, when the circuit breaker is triggered by a jump in the price of a stock caused
by a jump in its dividend, the price is stopped at the threshold level, and thus there is a
strictly positive price limit effect almost surely.

In contrast, depending on parameter values, Stock 1’s price at 7 may be higher or
lower than that without circuit breakers. Intuitively, (1) circuit breakers do not have a
price limit effect on Stock 1 because Stock 1’s dividend does not jump; and (2) the market
closure effect of circuit breakers can increase or decrease the stock price compared to the
case without circuit breakers, because market closure may reduce expected net sales or
expected net purchases depending on the distribution of the disagreement and the share

holdings at the trigger time.

4.1 Optimal Share Holding of Stock 2 at 7

At 7, the equilibrium share holding for Stock 1 is exactly given by Prop. [ because
circuit breakers do not cause any price distortion in Stock 1’s price due to the continuity
of Stock 1’s dividend, even when circuit breakers are triggered by a jump in the price of
Stock 2. For Stock 2, if it is the diffusion of Stock 1 that triggers a circuit breaker, the
share holding for Stock 2 at 7 is the same as 5277 (= %, the share holding in the case of no
circuit breakers), as derived in Appendix B.2. However, if the market closure is caused
by a jump in Stock 2’s dividend, because of the price limit effect of the circuit breakers,
Stock 2’s price may not fall by the full amount that reflects the fundamentals. In other
words, the circuit breaker rule distorts Stock 2’s price and the equilibrium share holding
of Stock 2 is a corner solution.

What makes it complicated is that, for Stock 2, there is almost surely no equilibrium

13



where both Type A and Type B investors maximize their individual utilities and the
market clears, because of the potential price limit effect of the circuit breakers. We
introduce a mechanism to determine the equilibrium share holding of Stock 2 when the
price limit effect is strictly positive as a result of a jump in Stock 2’s dividend.

Let 0~§T denote the share holding that would maximize the individual utility of Type
i at 7 (the expression of 027 is given by (B.I0) in Appendix B) and Hé,t denote the
equilibrium share holding at ¢t < 7, ¢ = A, B. Then, if Type ¢ investors would like to
sell/buy more than other investors would like to buy/sell respectively, the equilibrium
trading amount at 7 is equal to the smaller amount that other investors would like to
buy/sell. If, on the other hand, all investors would like to trade in the same direction,
then no one can trade. More precisely, the equilibrium share holding of Stock 2 at 7 is

determined by the following rulei:!

o If (05, —05) (68._ —0F.) >0, then 0} . = 0}

2,7—)

i € {A, B},

e otherwise

— If |02, — 04| < |0F._ — 05 |, then 05 =04 and 07 =1—04 .

— I |04 — 04| > |08 _ — 08 | then 05 =1—0F and 0F =05 .

Having obtained the market clearing prices and the optimal share holdings at the

circuit breaker trigger time 7, we now characterize the circuit breaker trigger time 7.

4.2 Circuit Breaker Trigger Time 7

The circuit breaker trigger time 7 can be characterized using the dividend values. Because

the market is closed when the sum of prices reaches the threshold h, we have

h= S0+ S5
= Dis+ D5, + (1 + po — 1007 + wpye ) (T — 1)
> Dys+ Doy + (i + p2 — 1007 + kpge” ) (T — 7).

It follows that we may define the stopping time 7 using the dividend processes as follows.

1 Ag an alternative mechanism, we may assume that the price jump occurs so quickly that nobody
can adjust their holdings before the market is halted and thus 05 . =05 __,i € {A, B}. In our numerical
analysis, we find that the results are qualitatively the same and quantitatively very close under these
two mechanisms. We discuss this issue extensively in Appendix F.

14



PROPOSITION 4. Let h be the threshold. Define a stopping time
T=inf{t >0: D+ Doy < D(t)},
where
D(t) = h — (i + po — 70207, + ke 2) (T — 1),
Then the circuit breaker is triggered at time T when 7 < T'.

Note that Dy, + Dy, is a jump diffusion process; thus, the trigger time 7 is the first
time the jump-diffusion process hits D(t).

4.3 Equilibrium Prices before 7

After obtaining the market clearing prices and the optimal portfolios at 7, we now study
the equilibrium stock prices at t < 7 AT. For i € {A, B}, let
G (0"

1,7

0,) = G, + G

where GQ’T and Géj are given by (B.5),(B.6), and (B.11)) in Appendix B. It can be shown
that the indirect utility function of Type i € {A, B} at 7 can be written as follows:

VW) = max Eu(W+0;,(Sir — Sir) + 05, (S — Sp0))] = —e Wt Grlin 022),

01,7’763,7
Then we are ready to solve the planner’s problem:

max B [VAWA T AT) + Enpp, VEWE T A7), (18)

A B
WTAT’WT/\T

subject to the wealth constraint Wi, + WE = S rar + Sa1nr
Similar to the case without circuit breakers, it follows from the first order conditions

and the wealth constraint that

1 1 1 GB.. — G
WA - ~(S . S . TNAT TAT 19
TAT 2y og(gnTM) + 2( 1,7Ar T 92,77 ) + —2 , ( )
1 1 1 G, — GE
WB = ——1 —(S . S . TNAT TAT ) 20
TAT 2 og(gnTM) + 2( 1,7Ar + 52,74 ) + —2 ( )
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In addition, the state price density under Type A investors’ beliefs is

it = B C(VAWS, T AT))] = B [rGe Win+6tn)]

= ’}/CEf [’f};//i_ . 6_%(SI,T/\T+SQ,T/\T+G’IBi/\T+G?AT)]’ (21)

for some constant ¢, where (VA(WZA, T A 7)) denotes the marginal utility of wealth.

Thus, the stock price at ¢ < T'A 7 in equilibrium is given by

St = . j=1,2, (22)
7t E?[ﬂ-ﬂé/\ﬂ']
with
D‘T ifr>T
St = . - 23
s { S, ifr<T (23)

In Equation (22)), because the stopping time 7 depends on the circuit breaker threshold
h, the equilibrium prices S, and Sy, also depend on h. On the other hand, in practice,
h depends on the initial stock prices Sy o and Sz, because h = (1 — «)(S1,0 + S2,0) (e.g.,
a = 0.07 for China). Therefore, to obtain the equilibrium prices S;; and Sy, we need to
solve the following fixed point problem Sy and Sz :

B[, Sirar)

Sio =

Y = 17 27 (24)
Eé [77-’14/\7']

where the right hand side is a function of the initial stock prices S; ¢ and S .

In addition, the wealth process of Type A investors is

WtA — EtA [W%ATW;‘/\T]
IEf’tA [W%/\T]

A <TAT. (25)

Suppose that
AW = 01,dS1 4 + 05,dSsy,

where éﬁt and éét are share holdings of Type A for Stock 1 and Stock 2, respectively. We
can recover the share holdings of Stock j at ¢ by calculating quantities of E [dW/* - dS; ],
EfdSy, - dSay], and Ef[(dS;4)?], for j =1,2.

The following proposition guarantees the existence and uniqueness of a solution to

the above fixed point problem.

PROPOSITION 5. [f the wnitial equilibrium inder value S1,o + 5’270 18 positive in the
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absence of circuit breakers, there exists a unique solution to the fized point problem (24)

in the presence of circuit breakers.

We leave the proof to Appendix D.
In the next section, we numerically compute the equilibrium prices and analyze the

impact of circuit breakers.

5. Impact of Circuit Breakers

In this section, we examine the impact of circuit breakers on the dynamics of the market.
The default parameter values for numerical analysis are set as follows, where daily growth

rates and volatilities are used.

pit =0.10/250, o =0.03, v=0.12,

k=4, S =—0.12, 6 =—0.12,
po = 0.10/250, py;=—0.1, k= 0.25,
v =1, a = 0.07, T =1

Given these parameter values, the disagreement d; evolves as a random walk with constant
drift under Type B investors’ probability measure. Because dy < 0, Type B investors
initially under-estimate the growth rate of Dividend 1. Since our main goal is to examine
the impact of circuit breakers in bad times when the market is volatile and the crash
probability of some stocks is high (e.g., the U.S. market in the week of March 9, 2020
and the Chinese stock market in early January of 2016), we set the jump frequency high
and the jump size large, along with a high volatility of Stock 1’s dividend. Because of
the CARA preferences, the initial share endowment of the investors does not affect the
equilibrium. The circuit breaker is triggered when the sum of two prices (i.e., the index)
first reaches the threshold (1 — «)(S1,0 + Sa2,0), i-e., drops 7% from the initial value.

One alternative to the market-wide circuit breakers is to impose a circuit breaker sep-
arately on each stock (instead of on an index). With this separate circuit breaker on each
stock, if a circuit breaker for a stock is triggered, only the trading in the corresponding
stock is halted. For example, when the circuit breaker of Stock 1 is triggered, only the
trading of Stock 1 is halted, but trading in Stock 2 is unaffected. Obviously, with separate
circuit breakers, equilibrium prices remain independent, in sharp contrast to the case of
market-wide circuit breakers. Let S:77,j = 1,2 denote the equilibrium prices of Stock j

gt
in this benchmark. We compare the impact of circuit breakers on the stock prices when
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they are on an index and when they are on individual stocks.

5.1 Equilibrium Prices

By Prop. 1 and Prop. 2, we obtain the initial equilibrium prices SI,O = 0.9717, 5’2,0 =
0.9741 in the absence of circuit breakers. When there are separate circuit breakers on
individual stocks, the equilibrium prices are S75 = 0.9711, S;7 = 0.9800. The price
of Stock 1 at time 0 with circuit breakers is lower than that without circuit breakers,
because market closure prevents efficient risk sharing. On the other hand, Stock 2’s price
with a separate circuit breaker (i.e., Sy ) is always higher than the one without a circuit
breaker (i.e., 5”2,0) because the price limit effect of a circuit breaker prevents the price
from falling to the full extent after a jump of the dividend.

By solving the fixed point problem numerically, in the presence of market-wide circuit
breakers, we obtain the equilibrium prices S; o = 0.9715, S5 = 0.9745. Compared with
the prices without circuit breakers, Stock 1 price is lower and Stock price 2 is higher,
and the opposite is true compared with the prices with separate circuit breakers. This is
because the market closure effect for Stock 1 and the price limit effect for Stock 2 spill

over to the other stock in equilibrium.

5.2 Crash Contagion

Because the circuit breaker based on a stock index is triggered when the index reaches a
threshold, a crash in a group of stocks (e.g., from a downward jump in their dividends)
may trigger the circuit breaker and cause the entire market to be closed down. As a result,
the prices of otherwise independent stocks may also jump down because of the sudden
market closure. This pattern of cross-stock serial crashes is called crash contagion.
Figure [1l presents the sum of stock prices generated by the same sample path of divi-
dends under different circuit breaker implementations. In this sample path, the market-
wide circuit breaker is triggered by a jump in Stock 2’s price S; as a result of a jump in
the dividend process Dy. The sum of prices without circuit breakers (S;, green dash line)
jumps down to a value below the circuit breaker threshold (h, dot line). Because of the
price limit effect, the sum of prices with market-wide circuit breakers (S;, red sold line)
stops at the threshold. This shows that circuit breakers do have the function of price
support in bad times. As a result, the index level with circuit breakers is higher than
that without any circuit breakers. However, compared to the separate circuit breakers

rule, the net price limit effect is smaller. This is because with separate circuit breakers,
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Figure 1. a sample path of the sum of prices. The market is halted early at the time when the solid red line (the
sum) touches the threshold at the red cross. In this sample path, the breaker is triggered by a sudden jump occurring in
the dividend of Stock 2.

the price limit effect of circuit breakers is kept, while the market-wide closure effect is
avoided.

Figure 2 separates out the two individual stock prices using the same sample path as
in Figure [l For Stock 2, its price jumps down toward to the market clearing price S5,
(the red cross point). For Stock 1, even though there is no jump in its dividend process,
its price also jumps down because the price functions in the dividend before the jump
and after the jump are different. This figure illustrates that market-wide circuit breakers
can cause crash contagion across otherwise independent stocks.

Figures 1l and Bl use a particular sample path to illustrate the possibility of crash
contagion. In Figure 3] we plot the distribution of Stock 1’s price change conditional on
a jump in Stock 2’s price that triggers the circuit breaker and holding Stock 1’s dividend
constant at the crash time (red line) and the distribution of Stock 1’s price change with
no circuit breaker in place (green line). Figure B shows that without a circuit breaker,
the price change of Stock 1, which is independent of Stock 2, is normally distributed with
mean zero. In contrast, in the presence of circuit breakers, after a crash of Stock 2 that

triggers the circuit breaker, Stock 1’s price always goes down and the magnitude of the
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Figure 2. The two individual prices. Using the sample path as in Figure 1, the circuit breaker is triggered by a jump
occurring in the price Sz ¢ (the right panel).

drop can be significant. Note that this change is clearly caused by the crash of Stock
2 because Stock 1’s dividend is held constant when the crash occurs. Therefore, this
distribution represents the distribution of the crash magnitudes in Stock 1 caused by the
crash in Stock 2

Our findings are consistent with what happened in March 2020 in the U.S. stock
market. The circuit breaker of the U.S. market was triggered four times in March 2020.
The first one occurred at 9:34:13 am on March 9th, less than five minutes after the
market opened. The second occurred at 9:35:43 on March 12th. Four days later, the
market lasted only one second on March 16th before the circuit breaker was triggered.
The fourth time occurred at 12:56:17 pm on March 18th. To illustrate that our results
are consistent with what happened around the circuit breaker trigger time, we use high-
frequency prices of the components of the S&P 500 index during the 10 minutes before
the circuit breaker was triggered on March 18th, 2020 and sort components by their total
dollar trading volumes. Simple regression of the return of the top 25%-50% of stocks
inside the S&P 500 index on the lagged return of the top 25% of stocks suggests that, in

12Because a crash in Stock 2 occurs randomly, the crash in Stock 1 caused by Stock 2’s crash is also
random, even though Stock 1’s dividend is kept constant when the crash occurs.
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Figure 3. Distribution of changes in Stock 1’s price when the circuit breaker is triggered by a jump in Stock 2’s
price. In the presence of a circuit breaker, the distribution is skewed negatively. Results for two methods of measuring the
changes are presented. Meanwhile, in the absence of circuit breakers the price changes follows a normal distribution.

the market crash of March 18th, 2020, the crash of the top 25%-50% of stocks followed
that of the top 25% of stocks. Figure[d depicts how returns of S&P 500 component stocks
moved during the 10 minute period right before the market was halted.

Let Rt; and Rb; be the time ¢ returns of the top 25% of stocks and the top 25%-50%

of stocks, respectively. We obtain the regression result as follows.

Rbt =—10.01 + O.5Rtt7At + OlRtt -+ €,
t-stat : (—9) (10.8) (2.2)

where At equals one second. The regression result indicates that those stocks with
relatively low trading volumes followed the moves of those with high trading volumes.
While this does not prove the causal relationship, it suggests a pattern that is consistent
with cross-stock contagion.

A similar illustration is shown in Figure [l for stocks in the China Securities Index
(CSI) 300 index on January 4th, 2016 when the Chinese stock market crashed. Simple
regression of the return of the top 25%-50% of stocks inside the CSI 300 index on the
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Figure 4. Evidence of contagion in real markets: the United States.

lagged return of the top 25% of stocks yields

Rb, =107* + 0.78 Rt,_a; + 0.25Rt; + €,
t-stat : (0.67) (2.85) (0.92)

where At equals 3 seconds. This result suggests that, in the market crash of January 4th,
2016, the crash of the top 25%-50% of stocks followed that of the top 25% of stocks.

5.3 Increased Correlations

With circuit breakers based on indices, a discrete jump (crash) in a stock is not necessary
to adversely affect otherwise independent stocks. Intuitively, even after a small decline
in the price of a stock, the index gets closer to the circuit breaker threshold and thus the
market is more likely to be closed early, which may lower the prices of otherwise indepen-
dent stocks, which in turn makes the index even closer to the circuit breaker threshold,
entering into a vicious circle. This contagion magnitude is typically smaller than that
caused by a crash in a stock in normal times, but can become much more significant and
create strong correlations when the circuit breaker is close to being triggered because of
the magnified vicious circle effect. We next show that a gradual change in the price of

a stock can indeed affect the price of another stock and can also cause high correlations
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Figure 5. Evidence of contagion in real markets: China.

among otherwise independent stocks when close to the circuit breaker threshold.

Figures [6] and [7] show how the same variables as those in Figures [Il and 2] change
along a different sample path, where the circuit breaker is triggered by a small change
in Stock 1’s price due to a decline in its dividend. Unlike the sample paths illustrated
in Figures [l and 2 prices do not jump in Figures [0l and [ because there is no jump in
dividends. On the other hand, as the right sub-figure of Figure [1 shows, Stock 2’s price is
adversely affected by the decline in Stock 1’s price. Figures[IH7lsuggest that they become
positively correlated when the circuit breakers are close to being triggered, even though
the two stocks are independent in the absence of circuit breakers. As in the case of a
jump-triggered market closure, the prices under the separate circuit breakers rule (black
dot-dash lines) are higher than those with market-wide circuit breakers.

Consistent with our intuition, Figure [ shows that the correlation between the two
prices with circuit breakers increases significantly as the index gets very close to the
threshold When the index is far from the threshold, the correlation becomes close

13In the figure, “distance from threshold” is defined as the value of the index in exceed of the threshold.
Because the equilibrium index level is determined jointly by the dividend levels of the two stocks, the
way to vary the distance is not unique. In all the figures in this paper that plot against the distance to
threshold we fix D; ; and vary Dy ;. We also used alternative ways such as fixing D; ; and varying Ds ;
and find similar results.
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Figure 6. A sample path of the sum of prices along which the circuit breaker is triggered by Stock 1.

to zero, because the correlation without circuit breakers is zero. In addition, when the
potential market closure duration is large (7'—t is large), the impact of the circuit breakers
on the correlation is even greater, because the fear of a market closure is stronger when
the potential market closure duration is longer. For example, conditional on the same
distance of 0.02 from the threshold, if it is later in the day at ¢ = 0.75, then the correlation
is 0.2, while it is around 0.55 if it is early in the day at ¢t = 0.

Surprisingly, Figure 8 shows that the correlation can become negative when the dis-
tance from the threshold is greater, before it approaches zero eventually. This negative
correlation is due to the price limit effect of the circuit breaker. To help explain this
channel, we plot stock price and the index in Figure [0 against changes in Stock 1’s divi-
dend. As Stock 1’s dividend increases, the price of Stock 1 increases (blue starred line),
as expected. However, the price of Stock 2 changes non-monotonically (red starred line).
When Stock 1’s dividend is very low such that a small change in either stock price would
trigger the circuit breaker, the likelihood of the circuit breaker being triggered by a jump
in Stock 2’s dividend is relatively small because the probability of a jump is low. Recall
that the price limit effect is strictly positive only when the circuit breaker is triggered

by a jump in Stock 2’s dividend. This implies that the present value of the price limit
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Figure 7. The individual stock prices along the same sample path as in the previous figure.

effect of the circuit breaker is small. As Stock 1’s dividend increases, the price of Stock
1 increases, and thus the distance from the circuit breaker threshold is increased. It be-
comes more likely that only a jump in Stock 2’s dividend can trigger the circuit breaker.
Therefore, the price limit effect increases, which in turn increases the price of Stock 2.
However, when Stock 1’s dividend is too large, the index moves far away from the thresh-
old and thus even a jump in Stock 2’s dividend would not trigger the circuit breaker.
Therefore, the price limit effect eventually approaches zero when D; is high enough. This
explains the nonmonotonicity of the price of Stock 2 in D;, which in turn implies that
the correlation is positive when the index is close to the threshold, turns negative when
the index is further away, and converges to zero when the index is far enough, as shown

in Figure Bl

5.4 Acceleration of Market Decline: The Magnet Effect

Circuit breakers are implemented to protect the market from a fast decline. Con-
trary to this intention, |Chen, Petukhov, and Wang (2017) show in a single-stock set-
ting that circuit breakers can accelerate a stock price decline compared to the case

without circuit breakers. This acceleration is what is called the “magnet effect” by
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Chen, Petukhov, and Wang (2017). However, it is not clear how the presence of multiple
stocks affects this magnet effect. Our following results suggest that, in the presence of
circuit breakers on stock indices, the probability of falling to the index threshold com-
pared to the case without circuit breakers is also increased, so the magnet effect found by
Chen, Petukhov, and Wang (2017) is robust to a multiple-stock setting and the absence
of leverage constraints after market closure. On the other hand, with separate circuit
breakers, such a probability may be reduced in some cases.

Figure [0 shows the probabilities of reaching the circuit breaker index threshold in
a given time interval with circuit breakers on the index, with separate circuit breakers
on individual stocks, and without circuit breakers. It suggests that the probability of
falling to the index threshold when there is a circuit breaker on the index (red dash-dot
lines) is higher than that without any circuit breakers (blue solid lines), which is in turn
higher than that when circuit breakers are on individual stocks (black dash lines). This
is because with circuit breakers on indices, when one stock goes down, the distance to the
circuit breaker threshold is shorter and the likelihood of an early market closure is greater.
As a result, other stock prices tend to go down, which in turn drags the index further

downward, resulting in a downward accelerating vicious circle, contrary to regulators’
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Figure 9. This figure illustrates why the correlation is positive when the threshold is close and why it becomes
positive when the distance is larger. Eventually, S2,; approaches a constant and the correlation becomes almost zero.

intention. Because of the contagion effect across stocks, the magnet effect in a model
with multiple stocks like ours can be stronger than that found in the single-stock setting
of |Chen, Petukhov, and Wang (2017), ceteris paribus. In addition, when the potential
market closure duration is longer (e.g., at ¢ = 0), this magnet effect is even stronger.
The main driving force for the magnet effect in (Chen, Petukhov, and Wang (2017) is the
fear that one has to liquidate a levered position at the market closure time because after
market closure, leverage is prohibited by the solvency requirement. In contrast, in this
paper there is no change in the leverage level allowed before and after market closure.
Our results show that circuit breakers on indices can accelerate a market decline even
without the de-leverage channel.

In contrast, if circuit breakers are imposed on individual stocks, the probability of
falling to the index threshold can be lower than that without circuit breakers. This is
because individual circuit breakers prevent corresponding stock prices from falling below
their individual stock price thresholds and thus can decrease the probability of falling to
the index threshold compared to the case without circuit breakers. These results suggest
that separate circuit breakers can potentially slow down a market-wide decline, while
circuit breakers on indices tend to do the opposite.

Another measure of the magnet effect is how fast stock prices go down as the index
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Figure 10. This figure shows the probability that prices will reach the threshold with or without a circuit breaker.

gets close to the circuit breaker threshold. In Figure[IT] we plot the average prices against
the time to market closure using simulated sample paths. More specifically, we simulate
a large number of sample paths of dividends, compute the corresponding stock prices,
and identify the circuit breaker trigger times for each sample path. Then we calculate the
average stock prices across all the sample paths at a given time prior to market closure.
The downward-concave shapes displayed in Figure [Tl imply that as the index gets closer
to the threshold, stock prices fall faster. Figure plots the average time it takes for
the index to fall by 1% against the distance to the threshold. It implies that the falling
speed increases as the index gets closer to the threshold. These patterns are consistent
with those observed in real markets, such as the U.S. market in the week of March 12th,
2020 and the January 2016 Chinese market when circuit breakers were first implemented

and then abandoned after four days.

5.5 Volatility Contagion

One of the regulatory goals of the circuit breaker is to reduce market volatility. We next
examine the circuit breaker’s impact on stock volatility and volatility contagion.
In Figure I3, we plot the ratios of the volatility with circuit breakers to that without

circuit breakers against the index’s distance from the circuit breaker’s threshold at two
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Figure 11. This figure shows average stock prices during a short period immediately prior to the early closure of the
market caused by Stock 1.

different time points ¢ = 0 and ¢t = 0.5. The figure suggests that, contrary to the
regulatory goal, circuit breakers can increase stock volatility. In addition, we find that
if the time to the end of the day is longer (i.e., the potential market closure duration is
greater), volatilities are even larger. When the distance from the threshold is sufficiently
large, instantaneous volatilities approach the corresponding levels in the absence of circuit
breakers.

Unlike (Chen, Petukhov, and Wang (2017), however, as shown in Figure [3] circuit
breakers can reduce Stock 1 volatility when the index is sufficiently close to the thresh-
old. For Stock 2, its volatility is reduced for a wider range This reduction is due to
the price limit effect, which is absent in |Chen, Petukhov, and Wang (2017). Intuitively,
circuit breakers can limit the price drop and thus reduce price fluctuation. This volatility
reduction effect in some states is consistent with the conventional wisdom for imposing
circuit breakers: trading halts can reduce market volatility.

Next, we show that circuit breakers can also cause volatility contagion, i.e., an increase
in the volatility of one stock can cause an increase in that of another. Figure [I4] plots
the volatility of Stock 1 against that of Stock 2 as we change the volatility of Stock 1’s
dividend for three levels of distance to the threshold. Figure [I4] indicates that, indeed,

14Recall that the volatility when the distance is large is close to that in the absence of circuit breakers.
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Figure 12. This figure shows the average time spent for the sum of prices dropping 2% at various distances from the
threshold.

a higher volatility of Stock 1’s dividend causes a higher volatility of Stock 2, and in
addition, this increase in the volatility of Stock 2 gets magnified when the distance to the
threshold is shorter. This volatility contagion can amplify market-wide volatility, which

is contrary to the purpose of circuit breakers.

6. Correlated Dividends

In the preceding sections, the dividend processes are assumed to be uncorrelated and
we show that a strong correlation of the stock prices can emerge due to circuit break-
ers. One may suspect that, if the dividend processes are already correlated, then the
additional correlation caused by the circuit breakers may be small and thus the effect of
circuit breakers in increasing correlation is small in practice. To address this concern,
we now briefly discuss an extended model where the dividend processes are correlated
(the detailed derivation can be found in Appendix E) by assuming a diffusion term in the

dynamics of Stock 2’s dividend:

dDQ’t = [Lgdt + OQdZt + ,lLJdNt.
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Figure 13. This figure plot the ratios of volatility with circuit breakers to that without circuit breakers against the
distance from the circuit breaker threshold.

Then the two dividend processes are correlated with correlation (suppose o7 > 0)

pp = ——2 (26)
Figure [15] compares correlations of stock prices for different correlation coefficients pp of
the dividend processes.

The figure suggests that even when the dividends are correlated, the presence of circuit
breakers can significantly increase the correlation of stock prices. For example, when the
dividends’ correlation coefficient is 0.2, the increase in the correlation is still as high as
0.6. Furthermore, the presence of circuit breakers can even make negatively correlated
stocks in the absence of circuit breakers (o1 < 0, 02 < 0) become positively correlated.
This reversal is because as the index gets close to the threshold, the common fear for
market closure offsets the effect of the negatively correlated dividends and as a result the

correlation turns positive.
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Instantaneous volatilities
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Figure 14. Volatilities of the two prices are independent in the absence of circuit breakers. This figure shows
volatilities are linearly correlated in the presence of circuit breakers. A higher volatility of Stock 1 corresponds to a higher
volatility of Stock 2. Moreover, if the threshold is closer, the volatility of Stock 2 is even larger.

distance from threshold: 0.022, at time=0
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Figure 15. This figure shows the impact of a correlation in dividend processes on the correlation in stock prices. All
correlations are calculated when the distance from threshold is around 0.05.
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7. Conclusion

Circuit breakers based on indices are commonly imposed in financial markets to prevent
market crashes and reduce volatility in bad times. We develop a continuous-time equi-
librium model with multiple stocks to study how circuit breakers affect joint stock price
dynamics, cross-stock contagion, and market volatility. Contrary to regulatory goals, we
show that in bad times, circuit breakers can cause crash contagion, volatility contagion,
and high correlations among otherwise independent stocks, and can significantly increase
volatility and accelerate market decline. Our analysis suggests that international mar-
ket plunges triggered by the COVID-19 pandemic may have been exacerbated by circuit
breakers rules because of the contagion effect of these circuit breakers. Our model shows
that market-wide circuit breakers may be a source of financial contagion and a channel
through which idiosyncratic risks become systemic risks, especially in bad times. An
alternative circuit breaker approach based on individual stock returns instead of indices

would alleviate such problems.
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Appendix

A Price of Stock 1: Without Circuit Breakers

We assume that the disagreement process ¢, is stochastic and follows Equation (). When
there are no circuit breakers, the equilibrium price of Stock 1 is independent of Stock
2 because of independent dividend processes. The price of Stock 1 can be obtained in
closed-form as follows.

We first evaluate E;'[n{';]. Ignoring constants, we need to calculate
1/2 _1
B fyfre” 377 = B[] (1)

where f(t) is a deterministic function and,

2

T6s o T %
Yir= [ (= -z, — 25 )ds.
1T /0(20 5) +/O( 152)48

Conjecture F'(t,y,d,0%) = ADFBOVHCOS+ 28 EAe¥?]Y; = y,0; = 6], with
A(T) = C(T) = H(T) = 0 and B(T) = 1. Substituting the conjecture into the mo-

ment generating function of the process (Y;,d;) and collecting the coefficients of y, §,

and constants, we obtain four ordinary different equations:

2

Al(t) + %72023(75)2 + kOC(t) + %(C(t)Q + H(t)) — TB(t)C(t) =0,

B'(t) =0,

C'(t) — %B(t)Q Y ROH(E) — kC(t) + O H ()2 + %B(t)(](t) - 7;L”B(t)ﬂ(t) —0,
il '2“) - %‘23(75) + igf _RH () + V;H(t)Q 4 YBOHL) <?O_H 0 _y
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The solution of the ODE system is obtained as follows.

e(m D7) (t-T) _ q

&
T

Jr —
T-D7)2(t-T) D~ — D+D D ’

1
ft (x)ds —
/‘ $Jds = X~ = Dr ez

(D* + D" )e A(T—t) _ p+p20(T—1) _ D7) — (ké — U;V)DJrD (e A(T—t) 1)2)’

X
4
At) = /T (—ényaQ — k6C(s) — %(C(S)Q + H(s)) + %vaC(s))ds,

where
A:\/kQ v vk
202 o’
, komE Ryl
DT = - ,
— ki ?H () + —
F() =~ k0 H () +
vz you
g(t):—1+k’5H()—TH()
Then

E?[GYT] — F(t,y,5,6%~) = ADFBOy+C(1)s+ T 52

Next, we consider the first derivative of ' with respect to v to obtain E2[e¥” Z;]. We
define

Alt;y) = A1), Ct;v) = C(t).

Note that

dB(t) dH(t) 0

dy  dy
dC'(t;) T [f @z LoV
— = e Jweri_— _ —_H(s)]|d
dA(ty) [T —0*y  <dC(si7) dC(s;y) | wo o dC(s;7)

= —k — : — : -— ds.

P [ - T (i) T (i) + T s

Hence 5 4 5 4
EA YTZ ———EA Yr _ ZF 2
7 2e) = -2 LB = -2 P (0,0, 840)



Finally, the stock price in the equilibrium is given by

& Efni'rDir]  Ef[nf'sDigl Dyt AT — 2655
dA(t;y) dy  dC(t;7)
=D AT — 9 = 4+ —1220
o H N N AR
dA(t;y) o dC(t; )
=D AT 2 )T Ty
1,0 T 17 ( &y 5%t + &y t)
The last equality above holds because Y; = fo g V7, + fo 4 =) =y yield
dy/dy = —1/20Z;. By D1y = Dig+ it + 07, (lh is constant), we obtain
A dA(t; dC'(t;
81y =Dy, + pA(T — 1) — (ALY | dOE) 5 (A1)

dry dry

In case d; is constant, i.e., v = k = 0 and §; = &y, we find that dA(t)/dy = —o?y/4(t —
T) and dC/(t;7)/dy = —1/4(T —t). Thus, Sy; = Dy s+ p (T —1t) + (60/2 — 027 /2)(T —1).
This is the equilibrium price of Stock 1 in the case of constant disagreement.

Since H(t) — 0 as t — T, we see that dC(t;v)/dy is negative when T — t is small.
Thus, it follows (A.I)) that the instantaneous volatility of the stock price og = o — QdC(t)

is greater than the dividend volatility ¢ when T — ¢ is small, given v is positive.

B Market Clearing Prices

B.1 Stock 1: Stochastic Disagreement

In the presence of circuit breakers, we cannot obtain the equilibrium price of Stock 1
directly. In this section, we derive the market clearing price of Stock 1 when a circuit
breaker is triggered and the market is closed early. Because the two dividend processes
are independent and we assume no leverage constraints when the market is halted, the
market clearing prices for the two stocks are independent of each other.

The disagreement 0, is stochastic following (), therefore ui = &; + uit is stochastic
as well. In the presence of a circuit breaker, we solve for the market clearing price when
the market is halted. To do so, we solve the utility maximization problem

max EA[—¢ 7]

01 ’
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subject to Wi = 04(Dyr — S1,) + W2, where W/ is the wealth of Type A investors at
time ¢.
Using the dynamics Dy r = Dy, + u(T — 7) + o(Zp — Z,), we obtain the optimal

portfolio of agent A as follows.

Dy, — 55, + pi (T —7)

07 = B.1
1,7 70_2 (T . 7_) ( )
Next, we study the utility maximization problem of agent B:
max EB[_G_V(W-,—B‘FGET(DI,T_SI,T))].
o8 7
We first prove the following lemma.
Lemma B1. Suppose 6 is a constant, then
EtB I:ef’\/GDl’T:I — eA(t,@)JrB(t,G)Dl,t“I’C(t,e)(st
where
o? 1 - 1 — ek@=1)
A(t,0) =~0p(t —T) — ?7292(15 -T)+ 2(—wka + voy? 0 (T —t — T)
2,202 1 — ekt=T) 1 _ p2k(t-T)
A I T S |
2k? k 2k
B(t,0) = —~0,
—~0 .
C(t,0) = — (1 — =Ty,
k
with k =k — v/o. In particular, if k=0, then
2 1 - 2,202
A(t,0) = A0pd(t — T) — %7292@ = T) + 5(—0kS +0°vo)(t = T)* — v 2 (t — T)3,

O(t,0) = 0(t — T).

Lemma [BI] can be proved by using the moment generating function of process D;,; and

0; and solving an ODE system. Detailed deviations are omitted here.

39



By the lemma,

EB[_e—y(WTB—l—GIB’T(DLT—SLT))] _ _6—7WTB eA(t,GfT)—I—C(t,GET)éTe—yelB’T(DLT—SLT)
- .

Then the FOC with respect to 67 yields that

OA(T, 68 oC(t,0F
(T 1,7') (T 1,7’)57_:0

VS1,r — D1 +

207, 007,
or
1 : _k 1 — ek(m=T)
S1e = Dip (e =T) = 2(1 = H)5, — 5 (T — 7 eT) +08 I(7) =0,
(B.2)
where
200y 1 — ek(t=T) yz,y 1 — eFt=T) 1 _ o2k(t-T)
I(t) = —yo*(t—T)+ —(T—t— . +—(T—t—2 _ + . .
(1) = —y0*(t=T)+ =2 )+ - )
It follows (B.I]) that
S1r=Dir+ i (T —7) = 07 40*(T — 7). (B.3)

Together with (B2) and the market clearing condition 0. + 6 = 1, we obtain the
optimal share holding of Type A for Stock 1 at the time of market closure.

(1— eFT)g, — 68T — ¢ — =70 4 [(r)
I(7) +7o*(T = 1)

1
o1, = (B.4)

Therefore, we find the market clearing price Sy ; by (B3) where 67, is given by (B4).

In particular, in the case k =0 (or k = v/0),

1 (an — wo(r —T) + 3ké(r = T) + 52 (r - T)? — 5T>

68 = =
LTy —vo(t—T) + V—;(T —T)% 4 202
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and substituting it into (B.]), it follows that

Sir =D+ pi (T —7)

N vo? —yvo(r —=T) + %ké_(z -T)+ ng(r - T)% - 5T02(7_ 7).
—vo(T =T)+ % (1 —T)*+ 20?

Finally, it is worthy mentioning that S; . may not be larger than SLT (the equilibrium
price in the absence of circuit breakers at time 7). In fact, for a relative large positive
do and small v (say, less than half of the volatility o), the coefficient of §; in (B.3]) can
always be less than the coefficient of ¢; in the formula of SYLT. Thus, along with a small
7, we can always have S , < 5”177. Under these conditions, the market clearing price with
circuit breakers can always be smaller than the price without circuit breakers at time 7.

Denote the market clearing price of Stock 1 by Sf_. Then by (B.3),

fT = DLT + uf(T - T) - ’Yef,Toj(T - 7—)'
In addition, we obtain the value function of Type B investors:

B By __ B ,—y(WEB+0B (D1 r—51,-)1 _ ,—7WE —GE_
Vie(r, W) = nelngT [e™ Lr(Prr=510)] — ¢ e G,
1,7

where —yG_ = —707 (D1, — Sa,) + A(7,607,) + C(1,07,)d,, or
B B 1 B 1 B
Gl,’r = 91,T<D1,T - 52,7') - ;A<T7 91,7’) - ;C<T7 91,7’)57'7 (B5)
and the value function of Type A investors:

— A A _ _ A "
‘/114(7', W:‘) = m}fo[e Y(WAH01. (D1, Sl,‘r))] — AW/ . 'VGLT’

1,7

2(nA \2 2(n0A \2
where —yG{. = —0{ (Dy . =51 ,) =08 pi (T —7)+- (921’) o (T—7) = -2 (921’*) o*(T—
T), or
9A 2 9A 2
Gy = 0, (D1 = Su.) + 027 — 1) = O ey O e
(B.6)
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B.2 Stock 2: Jump

Note that for Stock 2 there is no disagreement on the dynamics of dividend process D,

which follows
D2,t = D270 + /LQt + ,quNZt- (B?)

In the text, the equilibrium price Sg,t has been derived when there are no circuit breakers.
In this Appendix, we derive the market clearing price when a circuit breaker is triggered.

Suppose that the circuit breaker is triggered at 7 < T'. The individual optimization
problem of Type ¢ € {A, B} investors at 7 is:

Vi(Wi,7) = maxE: [ exp(—y (Wi + 65 (Dar — So.0)))] (B.8)

i
92,7’

subject to the market clearing condition 954,7 + 02377 = 1, where W/ is the wealth owned

by Type ¢ investors at time 7. It follows that

B [u(W} + 6, (Do — Sa.7))] = Epfu(W) 4 05 (Do — Dy ) + 0 (Do — Sa7))]

) ) ) 0k
— Wi 105 2 (T—7) =103 (Da,r—Sa,2)+r(T—7)(e” 27" —1)

The first order conditions with respect to 65 . for j € {1,2},i € {A, B} and the market

clearing conditions yield that
0=Dy,;— Sor+ po(T —71)+ kps(T — T)e 05 h (B.9)

Along with the market clearing condition: 954; + 057 =1, we find 954; = 057 = % This
is the same as the optimal share holding of Stock 2 of agent A in the absence of circuit

breakers.

Then it follows (B.9) that
Sor=Daor+ po(T —7) + ks (T — T)e’%‘”.

There may be a jump of Dy; occurring at ¢ = 7. For such a case, the price of Stock
2 is limited by the threshold h and Sy, = h — S; ;. We define D3, € [Ds.r, Ds -_), such
that
Dy, =h—51;—p(T—71)—rp, (T — T)e TH
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Thus, in general the market clearing price of Stock 2 is
577— = h - 517T = D;,T + [’LQ(T - 7-) + "{[’LJ(T - 7_)6_%“‘].

When the stock price is S5, the first order condition (B.9) cannot be satisfied in

general. In other words, the individual utility cannot be maximized at 0377 = % Define

~ -1 S.— Do —po(T'—1
b = log( 27 27 — pal )), (B.10)

T vy wp (T —7)

which maximizes the individual utility function of Type i investors, i = A, B. It follows
the facts of D3 . > D, and no disagreement on Dy ; that ééﬁ} = 6’;% < % In other words,
due to the threshold, the price of Stock 2 cannot drop to a correct level corresponding to
the true value of its dividend right after a jump. Thus, the investors would like to hold
fewer shares of the stock.

In addition, define

b = max EL[—exp(—7y + 03 (D2 — Sa.7))]

2,7

— 0 jo(T —7) + 0 (Do y — S5.) — —(T — 7)(e et — 1), (B.11)
’ ’ ’ Y

Then, the value function of Type ¢ investors at 7 can be expressed in terms of WiT and
577 as follows.

VE(WE ) = —e Wre1%r i € {A, B).

B

5., 10 18 easy to see that

By the expressions of Gg"T and GG
S5, + G+ GE = po(T —7) + Doy — —(T — 1) (e W% 4 7 ma%s _9),
’ ’ ’ Y

which does not depend on S5 directly. The quantity depends on the optimal share
holdings at 7: 02 and 67, which are determined by the mechanism introduced in Section
4.1.

We consider a case where there is only Stock 2 in the market. Since there is no
disagreement on the dividend process D ;, the optimal share holding of Type A or B must
be 1/2 at any time ¢ < 7. According to the mechanism, at 7 both of the optimal share

holdings are 1/2 as well (nobody can sell or buy when the circuit breaker is triggered).

43



On the one hand, the state price density for ¢t < 7 is
mgy =BGV (Wihr, T AT))] = B [yCe Wit Gonn)] = A(Eft o3 (orart CRartGns)),

where ( is a constant, is the same as the state price density 72, in the absence of circuit
breakers, given QﬁT = HfT = 1/2. On the other hand, due to the the threshold, the
market clearing price S5 is not less than SQJ. Therefore, at t < 7 the equilibrium price
S in the presence of circuit breakers is greater than or equal to the equilibrium price

5”277 in the absence of circuit breakers. This indicates the price limit effect.

C Learning and Heterogeneous Beliefs
Suppose
th = /.,Ltdt + O'dZt

The dividend Dy is observable but the growth rate p; is not. Agents A and B infer the

value of p; through the information from the dividend. Assume that
dpy = —k(p — p)dt + 0,dZ;,

and gy ~ N(ag,by), a normal distribution with mean ay and standard deviation by.
Agent i € {A, B} believes k = k', i = ii*, 0, = O'L, ag = af, by = biy. Both of them learn
e through {D}L_. Let pt = EA[u]{Ds} o] and pf = EB [y, |{ Ds}L_o]. Then following
the standard filtering results, we have (under the assumption: p|{Ds}._o ~ N(ji,v))

dpi = =k (! — ph)dt + vdz],
dpy = —k"(uf — pP)dt +vPdZf,

where dZ} = 2(dD, — pidt),i = A, B. Then
dD, = pitdt + odZ*,  dD, = pPdt + cdZP.

Therefore, ZP + %t is equal to Z# almost surely, where &; = uZ — . In other words,
ZB + g—’it is a standard Brownian motion under agent A’s probability measure P4,

Thus,
B

AP = —kB(uP — gBydt — L-s,dt + vPdzZA.
g
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So we can obtain the general dynamics of the stochastic disagreement ¢, under learn-
ing. To validate the setting adopted in this paper, we let v* = 0, k4 = 0, and pu* = p?.
That is, we assume that Type A investors take the long-time mean of the growth rate as

the estimation and impose no learning. Then it follows that

B
dé, = d(pP — p) = — (kP + %)@dt — kB — pP)dt + vPaz

= —kBSudt + kP (@ — p)dt + vPdZE.

Further, let k2 + v8/o0 = k, v = v and (i — p?)/k = §/kP; we have reached the

mean-reverting disagreement process assumed in the paper.

D The Fixed Point Problem

We prove the existence and uniqueness of a solution to the fixed point problem. First
of all, based on the explicit expressions of the prices, we restrict the model parameters
and the initial conditions (e.g., Di, Dap) and assume that both Sj@ (the price without
circuit breakers) and S, (the market clearing price) are positive for each j = 1, 2.
Recall that S o, S2,0 impact valuation of the expectations through the sum S; ¢+ 52
only. When the initial stock prices are Sy ¢ and S, the threshold h is (S1 9+ S2,0)(1— ).

So, we define
EL 7 S rar] .
fj(SLo + 52,0) =2 | T;:,;; LI ]7j =1,2.
0

and define a function f : R — R? such that f(S10+ Sa0) = (f1(S10 + S2.0), f2(S10 +

Ss0))", where T denotes the transpose of a vector. Then the fixed point problem is

expressed as follows.

(S1.0, Sz,o)T = f(S1,0+ Sa20)-

Define g(x) = fi(x) + fa(x) — z, where € R. When the threshold is zero, the
circuit breaker is hardly triggered. Thus the equilibrium prices are close to the prices
5”0,1 and 5”2,0 respectively in the absence of circuit breakers. Given positive SOJ and S270,
we can obtain (specifically, for a sufficiently small volatility of D, and jump intensity
of Day): g(0) = f1(0) 4+ f2(0) > 0. On the other hand, if the threshold is the sum of the
market clearing prices ST+ .55, the market is stopped immediately and the equilibrium

prices must be the market clearing prices exactly. Thus, g(sf’fjjg’o) = fﬂ%) +

S o+S5 ST o +5S5 ST o+55 .
fo(F=20) — =2 = Sfo + S50 — =% < 0. It can be shown that g(z) is a
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57 01550
11—«

continuous function. Hence, there exists z* € (0, ), such that g(z*) = 0. Thus

fi(@®) + folz) = 2.
Now define (S, S50)" = f(z*). Then z* = fi(z*) + fo(a*) = Si, + S5, and

( iOv ;,O>T = f(a") = f( *,0 + S;,o)-

Thus (57, 570)T € R? is a solution to the fixed problem. The existence is proved.
Next, we show that the solution is unique. To do so, it is sufficient to show that g(x) is
monotonic. For the sake of notional simplicity, we ignore super-script “A” of expectations
and 77 below.
Let Dy = D; o+ Dap. Given an exogenous threshold h and initial dividend sum value
Dy, let SPP° = T:+ S5 where Sf, and S5, are the market clearing prices; let 7(h, Do)
denote the stopping time; and let Wf 20 be the state price density, i.e.

A, B
h.D _aghDo Gy +Gy
T o _ (nt)l/Qe 35, e 2

We redefine D
E[WT(h7D0)/\TST(’h,(b0)/\T]
() = gl Do) = —— =% ~,
[Trr(h,Do)/\T]

where h = (1 — «). Observe that 7(h, Dy) = 7(0, Dy — h) because the stopping time is

determined by D, and d; only. Then the market clearing (sum) price .S h(’hD";jO) = ngg%;fi mt

T

j = 1,2. In addition, by the definition of G, we see that

T

h by the expressions of S¢

]7T’

i(h,Do) = Gi(O,DO,h), 1 = A, B. Therefore

h,D _ —Ih _0,Dg—h
TrT(hv(bO) =e 2 T(O,Ol)ofh)' (Dl)
Thus,
h,D, h,D,
g(x: Dy) = E[ﬂ-ﬂ'(h,(})o)/\T ) (Sr(h,(bo)/\T — )]
! - h,D.
E[Wr(h,(bo)/\T]
0,Do—h 0,Do—h
IE[7TT((J37<)4L)AT ) ( T(O,(bofh)/\T —x+ h)]
o 0,Do—h
E[WT(O,OD()—h)/\T]

=g(0; Dy — h) —x+ h =g(0; Dy — h) — aux.
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Given hy < hg, we have 7(0, Dy — hy) > 7(0, Dy — hs). Then,

Do—hi Do—hu 0D
E[7} 0 bo ) = BB 05y [ 7(0, Do — ha)]] = E[ng 5 ™, )]

0,Do—h _ +GB _
1/9 _1ST, 0 _1 T(O,DO ho)AT T 7(0,Dg—ho)AT
= E[(1:(0,00—ha)rT) /267 2°7(0,Dg—ho)AT . 3 ]

B

—hg T(O,D —h)ATTCZ(0,Dg —ho)AT
172 —15° 0—h2 ,Dg—hgy

E[(nT(ODO hg)/\T) /2 e 2 (ODO h)AT . o 3

E[ 0,Do— h2] —/2(h2—=h1)

. e*“//2(h2*h1)]

0,Do—hs
Similarly,
0,Do—h 0,Do—h 0,Do—h 0,Do—h
]E[WT(O,ODQ—lhl) ’ T(O,()Do—lhl)] = E[E[WT(O,OD()—Ihl S OOD() | |7—(0 DO hQ)]]
0,Dp—h 0,Do—h —~/2(ha—h
= E[WT(O,OD()—lhﬂ ) T(O,OD()—th)]e V/2ha )
0,Do—h 0,Do—h —~/2(ha—h
> E[WT(O,ODO_QM) . ’T(O,ODO—QhQ)]e v/2(h2—h1)

Finally, let 27 < 23 and hy = 21(1 — «), he = 25(1 — «). It follows that

E[’]TQDO_}U . 0,Do—h1 ]
. - X - T(O,Dofhl)/\T T(O,Dofhl)/\T
g(x1; Do) = g(0; Dy — 1) — axy = 0.00"Tn — ary
E[WT(O,Do—hl)/\T]
E[ 0,Do—h2 . @0,Do—h2 ]
T(O,Dofhg)/\T T(O,Dofhg)/\T
E[’]TQDO_hQ ] Xy
7(0,Do—h2)NT

= g(0; Dy — hg) = g(x2; D) + auweg — axy > g(x9; Dy).

Thus, g(-, Dy) is monotonic. This completes the proof of uniqueness.

E The Case of Correlated Dividend Processes

To impose a correlation between dividend processes, we assume that: under P4,

dDy, = pitdt + 01dZ,, (E.1)
dD27t = Mgdt + O'QdZt + ,quNt, (EQ)
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and under PZ:

le,t = [Llet + Ulef,

—~
2
e~

~—

dDsy = pipdt + ?@dt + 02dZP + puydN,,
1

where pf = pst + 4, and

dét = —kf((st — 5)dt + l/dZt,
or
A, = —k(6, — 8)dt + Uiatdt + vdZP.
1

Then the two dividend processes are correlated with instantaneous correlation

p=

NGETTA

E.1 The Equilibrium Prices without Circuit Breakers

The pricing formula has the same expression as that in the uncorrelated case.

A
A D1 .
S’,t:EA|: g :|7j:1727
T B

where 7 = y(EA[p? - e 3(P1r+D21)] - However, the two prices cannot be evaluated
separately anymore because the two dividend processes are correlated (o5 # 0). Similar

to the case of p = 0, the equilibrium prices in closed form can be derived.

E.2 The Equilibrium Prices with Circuit Breakers

We derive the market clearing prices when the market is closed early due to the circuit
breaker.

Type A investors need to maximize the individual utility function

max Ef [_6*7(91“,(Dl,T*51,T)+9§‘,T(D2,T*52,7))] )
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It results in first order conditions:

—Y(D1,r — S12) =y (T = 7) + (61,01 + 05 .02)01 (T — 7) =0,
(E.5)

_/Y(DZJ' - SZ,T) - VMZ(T - T) + ')/2(0?77_0'1 + QQTUQ)O-Q(T — T) — W[LJ/{AG_Veéqu" =0.
(E.6)

For Type B investors, the optimization problem is

max EtB [_G_V(GET(DI,T_SI,T)+0£T(D2’T—SQ’T))] .

B B
01,7792,7

We first obtain an expression for the following expectation for any real numbers z and y:

T B_y7B . .
EtB [exft dsds+y(Z8 —Z] )] _ eA(t,a:,y)—l—C’(t,a:)ét

)

where

2 T 2 T T
Aty z,y) = E(T —7)+ k:é/ C(s;x)ds + 5/ C(s;x)*ds + yl// C(s;x)ds,
t t t

Ct;x) = ——(1 — *= 7)),

Then let y = —y(07, 01 + 05,02) and x = —y(07, + 05,%); we obtain the first order

conditions for the maximization problem of Type B:

dA(t;z,y)  dC(t;x)

—y(Dy ;s — S12) — (T —
’Y( 1, 1,) ’YMI( T)+ deET defT

N dA(t;z,y)  dC(t;x)
dos. dog .

—Y(Dsz = S5.7) = 1T = 7) = yripiy (T — 7)€ P5rbs

(E.8)

Along with the market clearing condition QﬁT + QfT = 1,7 = 1,2, the four first order
conditions determine the solution S}, S5, (i), (02,)*, that is the market clearing
prices and the share holdings at the market early closure time 7, respectively.

Next, as in the case of uncorrected dividend processes, we obtain the indirect utility
functions for Type A and Type B investors and the state price density. The equilibrium

stock prices at t < 7 can be evaluated numerically by solving a fixed point problem
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similar to (24)).

F The Issue of Share Holding at 7

In the text, a mechanism is introduced to determine the share holding of Stock 2 at time
7 because the two types of agents cannot optimize both of their utilities while making
the market clear due to the price limit effect of circuit breakers. By the mechanism, the
share holding of Stock 2 at time 7 depends on the information at 7—. As a result, the
indirect utility or the state price density in the pricing formula is dependent on the share
holding at 7—. Since stock prices at any time ¢ before 7 are given by the formula (22)), it
turns out that we have to solve a functional fixed point problem as follows.

Let 03, = f(D1y, Doy, t) denote the share holding of Stock 2 at any time t < 7. By

the scheme, we can find the share holding at T, which can be written as
eér = g(eéq—fa Dl,’ra DQ,T) - g(f(Dl,T—7 DQ,T—a 7__)7 Dl,T7 D2,27‘)7

where the function g(-,-,-) is known according to the scheme. Then we need to find the
expression of f(-,-, ) such that, the stock prices obtained by (22) and the wealth processes
obtained by (23) ensure that the share holding is exactly given by 05, = f(D1y, Doy, t) for
t<71—.

Undoubtedly, it is difficult to solve this functional fixed point problem in general. In

practice, we consider a linear approximation
f(Dl, DQ, t) = CL(t) —+ b(t)Dl -+ C(t)DQ,

where a(t), b(t) and c(t) are deterministic coefficients. In addition, we adopt an algorithm

for numerical approaches as follows.

o Step 1. At t=T — At, we set th = éfft, Hét = éQ’t = %, because it is shown that, as
t — T'—, the two share holdings approach the same values as those in the absence
of circuit breakers.

o Step 2. Calculate 914,15 and Hé“,t fort =T —2At, T — 3At,...,0 sequentially. For each
t, we use Monte Carlo simulations to calculate E[AWAAS; ;] and E[AS; ;AS;,],
where AS;; = Siitar — Siy and AWA = W{iAt — WA, fori,j = 1,2 Then, we
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calculate the share holdings at t by the formula

-1
08\ _ [ EIAS,AS] E[ASAS] E[AWAAS, ]
04, E[AS;;ASs,] E[ASyASy,| E[AWAAS,,]

We repeat this procedure for a set of Dy, Doy and obtain a set of share holdings.

Then a linear regression gives us coefficients of the linear dependence a(t), b(t), c(t).

The above numerical algorithm is applied for a given threshold h. To find the initial
stock price Sy, the whole procedure is iterated to solve the fixed point problem (24]).

Applying the mechanism and algorithm introduced above, we find that the optimal
share holding of Stock 2 at t < 7 is not far away from 1/2, and thus so is the optimal
share holding at 7. Besides, a jump occurs in one day at a relatively low frequency. As a
consequence, we do not find the equilibrium prices determined by the above mechanism to
be significantly different from that obtained by the simple rule (63, = 3). The difference
is actually in the order of 107%. In contrast, the price limit effect that prevents the
price of Stock 2 from dropping too much impacts the equilibrium price significantly and
usually makes a difference at the first decimal digit (1071) of the equilibrium stock price,
compared to that in the absence of circuit breakers.

For fast simulations, in the numerical analysis of the text, we assume the simple rule
that the shares held by Type A agents at 7 are 1/2. This is equivalent to assuming that
when a price jump triggers the circuit breaker, both types of agents agree to hold the
optimal share holdings (1/2) as if the price had jumped to the equilibrium level in the
absence of circuit breakers, although the price is kept at the threshold and the half-half

share holdings are not optimal for both types of agents.
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