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Abstract

This paper proposes a model of multilateral contracting where players are engaged in two parallel
interactions: they dynamically form coalitions and play a repeated normal form game with temporary
and permanent decisions. We show that when outside options are independent of the actions of
other players all Markov perfect equilibrium without coordination failures are efficient, regardless of
externalities created by interim actions. Otherwise, in the presence of externalities on outside options,
all Markov perfect equilibrium may be inefficient. This formulation encompasses many economic
models, and we analyze the distribution of coalitional gains and the dynamics of coalition formation
in four illustrative applications.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction

Following Rubinstein[18]’s study of two-player alternative offers bargaining, a number
of models have been proposed to explain the formation of coalitions and multilateral agree-
ments.Thesemodels typically rest on twopolar assumptions on the exit decisions of players.
Either coalitions are forced to leave the game after they are formed, or players continuously
renegotiate multilateral agreements. In the first strand of the literature[1,2,12,13,16], the
outcome of the bargaining process may be inefficient, as players choose to form smaller

∗ Corresponding author.
E-mail addresses:bloch@ehess.univ-mrs.fr(F. Bloch),gomes@wharton.upenn.edu(A. Gomes).

0022-0531/$ - see front matter © 2004 Elsevier Inc. All rights reserved.
doi:10.1016/j.jet.2004.11.004

http://www.elsevier.com/locate/jet
mailto:bloch@ehess.univ-mrs.fr
mailto:gomes@wharton.upenn.edu


2 F. Bloch, A. Gomes / Journal of Economic Theory( ) –

ARTICLE IN PRESS

coalitions and leave the game before extracting all the coalitional surplus.1 In the second
strand of the literature[6,8,14]and the reversible game in[20], the outcome of negotiations
is always efficient, and players end up forming the grand coalition.2

In this paper, we consider a coalitional bargaining game where playersendogenously
choosewhether toexit, andask the followingquestion:Whendoes thegameresult inefficient
multilateral agreements? Two forerunning studies have provided conflicting answers to
that question. Perry and Reny[15] construct a game in continuous time where players
endogenously choose when to exit, and prove that the outcomes of this game coincide
with the core, and hence are efficient. Seidmann and Winter[20] propose a discrete-time
procedure where players choose when to exit (the “irreversible game’’) and provide an
example where players always choose to exit before the formation of the grand coalition.
By considering a model closely related to Seidmann andWinter[20], but where proposers
are chosen at random, we show that their result crucially depends on the fixed protocol of
offers. Applying our model with random proposers to their example, we show thatthere
always exists an equilibrium where players form the grand coalition.
The previous studies of games with endogenous exit, based on games in coalitional form,

assume away the presence of externalities during negotiations. However, in reality, both the
actions taken by players during the course of negotiations (their “inside options’’) and the
actions chosen when they leave the negotiating table (their “outside options’’) are likely to
affect the payoff of other players. Furthermore, the outcome of the negotiations between
remaining players may in turn affect the payoff of exiting players. Hence, the definition of
outside options is problematic. Can players be sure that their outside option is definite, or is
it likely to be affected by the choice of other players? In this paper, we distinguish between
these two cases, and consider both games withpure outside options(which are independent
of the actions of other players) and games withexternalities on outside options. The key
result of our paper is thatthere always exist an efficient equilibrium outcome in games
with pure outside options, regardless of externalities on inside options (or interim payoffs
during negotiations). However, gameswith externalities on outside optionsmay exhibit only
inefficient equilibria.
Formally, we construct a model where players are engaged in two parallel interactions:

they propose to form coalitions in order to extract gains from cooperation; and coalitions
participate in a repeated normal form game, where they choose actions that may either be
temporary or permanent. Any period is divided into two subperiods: a contracting phase,
where one of the players is chosen at random to propose to form a coalition, and an action
phase where all players simultaneously choose whether to exit. Because players make
simultaneous action choices, coordination failuresmay arise, andwe select equilibria which

1To see this point, consider the following example, inspired by Chatterjee et al.[2]. Let n = 3 and the gains
from cooperation be represented by a coalitional functionv(S) = 0 if |S| = 1, v(S) = 3 if |S| = 2 andv(S) = 4
when |S| = 3. As � converges to 1, the outcome of the bargaining procedure where the grand coalition forms
should result in equal sharing of the coalitional surplus among the symmetric players (4

3 for every player). But

clearly, players then have an incentive to deviate forming an inefficient coalition of size 2, inducing a payoff of3
2

for each coalitional member. If this coalition must leave the negotiation after its formation, the additional surplus
of 1 is lost.
2 There is yet another strand of models of coalitional bargaining, which are not directly related to Rubinstein

[18]’s game, allowing for example for multiple offers to bemade[11], or based on games in effectivity form[7,10].
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are immune to coordination failures, by imposing that players remain in the game with a
probability greater thanε > 0. In games with pure outside options, we show that as players
become perfectly patient, equilibria without coordination failure exist and are efficient, as
long as all players have opportunities to make offers. The intuition underlying these results
is easily grasped. Early exit results in an aggregate efficiency loss. In a game with pure
outside options, players are able to capture this inefficiency loss and will never choose to
leave before the grand coalition is formed. By staying in the game onemore period, a player
is guaranteed to obtain her outside option (which remains available because outside options
are pure), and is able to capture the inefficiency loss by proposing to form the grand coalition
when she is recognized to make an offer. Hence, early exit will never occur in equilibrium.
The previous result depends crucially on the fact that outside options are independent of

the actions of the other players. We provide an example to show that, in games with exter-
nalities on outside options,all equilibrium outcomesmay lead to the inefficient formation of
partial coalitions.The three-player example we construct displays the following features:
(i) once a two-player coalition has formed, players obtain a large payoff when they are the
only ones exiting the game, and the unique equilibrium of the simultaneous action game is
completely mixed, so that exit occurs with a positive probability, and (ii) at the initial stage
where all players are singletons, players have an incentive to form a two-player coalition,
as a partial agreement results in a large asymmetry between the two-player coalition and
the remaining singleton. When both features are present (incentives to exit alone and large
payoff to partial agreements), in all equilibria, players initially choose to form a two-player
coalition, and to exit the game with a positive probability. These equilibria are obviously
inefficient, as players exit before extracting all gains from cooperation.
In the second part of the paper, we dwelve deeper in the structure of equilibrium out-

comes, by considering four illustrative applications of the model. The first application is an
extension of two-player games with outside options to a multilateral context. We show that
the equilibrium (without coordination failures) of themultilateral game reflects the “outside
option principle’’: either outside options are binding and the player with the largest outside
option receives her outside option, or they are not binding and the outcome of bargaining is
unaffected by outside options. However, when outside options are binding, the equilibrium
exhibits a novel property: the equilibrium payoff of all players depend on theentire vector
of outside options.In our second application, we analyze the principal-agent models with
externalities proposed by Segal[19], where a single principal contracts with several agents,
and the contract imposes externalities on non-trading agents. We focus on the dynamics of
coalition formation in a model with symmetric agents, and show that when trading between
the principal and agents induces positive externalities on other agents, the principal and
agents contracts to form the grand coalition in one step.When trading induces negative ex-
ternalities, the grand coalition is formed in two steps. The principal first chooses to contract
with a subset of agents in order to reduce the outside opportunities of the remaining agents.
The last two applications consider games where the payoff of exiting players depends

on the actions chosen by remaining players. We first consider a three-player pure public
good game, similar to the game studied by Ray and Vohra[17]. Countries negotiate over
the reduction of pollution levels, and partial contracts result in positive externalities on the
other countries. We show that the grand coalition does form in equilibrium. Depending on
the value of partial agreements, a global agreement is either reached immediately or in two
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steps. Finally, we discuss amodel of market entry with synergies, where firmsmaymerge—
and benefit from synergies—before entering the market. In this model, the merger of two
firms induces negative externalities on the remaining firms. Assuming that the market can
only support one firm, we exhibit a range of parameter values for which the game results
in the inefficient formation of a partial agreement.
The rest of the paper is organized as follows. Section 2 presents the model and Section

3 contains preliminary results on characterization and existence of equilibria. In Section 4,
we discuss efficiency of the bargaining outcomes, establish our main results and discuss the
relation to the previous literature—notably Seidmann andWinter[20]. Section 5 discusses
our four illustrative applications, and Section 6 concludes.

2. The model

Wemodel the formation of coalitions amongN = {1,2, . . . , n} agents and bargaining as
an infinite horizon game, with two distinct phases at every period.Any period starts with a
contracting phase, where a player is chosen at random to propose forming a coalition (a non-
empty subset ofN). Coalitions once formed become the decision makers (the players). The
set of players after contracting is denoted byN , which is a coalition structure or a partition
of the setN into disjoint coalitions (typical players inN are represented by labelsi, j). In
the next phase, theaction phase,each existing coalitioni ∈ N chooses simultaneously an
actionai from a finite action setAi = Ei ∪ Ri , which may be a permanent actionEi (in
which case the coalition exits the game and thereafter chooses the same action in all future
periods) or a temporary actionRi (Ei ∩Ri = ∅). In many applications, the two sets only
consist of one element: a single actionr ∈ Ri interpreted as “remaining in the game’’, and
a single action,e ∈ Ei , interpreted as “exiting the game’’. The action profile determines a
flow payoff for all the players, representing the underlying economic opportunities.3 The
interplay between the contracting and action phases enables us to consider simultaneously
issues of coalition formation, externalities and endogenous exit decisions.
Subgames are described by a state variables = (N , E, e) wherei ∈ N are the current

coalitions/players,E ⊂ N denotes the coalitions who have exited, ande = (ei)i∈E are their
exit actions. The players inN \E are “active’’ players (being able to form coalitions and
choose actions) while players inE are “inactive” with actions fixed and not being able to
form new coalitions. Hence, we interpret a permanent action as an irreversible investment
made by the player, which is not subject to renegotiation. Time is discrete and runs as
t = 1,2, . . . ,∞, and in each period there is:
Contracting phase: Say that the state iss = (N , E, e). One of the active playersi ∈ N \E

is chosen at random to make an offer. The probability with which playeri is chosen to make
an offer,qi(s), is exogenously given and may depend on the state. An offer is a pair(S, t),

3 This formulation includes as special cases the familiar games in coalitional function and partition function
forms. In games in coalitional function, a coalition/playeri receives her worthv(i) upon exiting, and a zero payoff
otherwise. In games in partition function form, players only receive a positive payoff after they have all exited.
Player/coalitioni then obtains the payoffv(N , i) corresponding to the coalition structureN formed at the end of
the game.
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whereS is a subset of active playersN \E andt a vector of transfers satisfying∑j∈S tj = 0.
We interpret the transfertj as the net present value of a flow of payments, by which player
i obtains control over the resources of playerj. When playeri has obtained control over the
resources of all the players inS, we identify the player with the new coalition.4 A fixed
protocol determines the order in which players inS\i respond to the offer. At the end of
the contracting phase, the state changes tosc = (N c, E, e), if all of them accept the offer,
whereN c = (N \S) ∪ {∪j∈Sj}, or, if one of the prospective members ofS rejects the
offer, no trade takes place andsc = s.
Action phase: At the action phase starting with arbitrary states = (N , E, e), all active

players simultaneously choose an actionai from the action setAi.At the end of the action
phase, the state changes tosa = (N , Ea, ea), whereEa = {i ∈ N : ai ∈ Ei} andea =
(ai)i∈Ea.
Flow payoffs are collected by all the players at the end of the action phase. If theaction

profile is a, flow payoffs accrue to all players inN according to utility functionsvi(a), for
all a ∈ ×i∈NAi andi ∈ N . (Note that payoff functions are defined, for every coalition, in
all coalition structures, and any action (permanent or temporary) taken by them. The payoff
flow (or single-period payoff) is

(
1− �

)
vi(a)with present valuevi(a),where� ∈ (0,1) is

the common discount rate of all players. When the grand coalition forms, we letV denote
the total payoff of the grand coalition, and assume that the grand coalition is efficient, i.e.
for any state different from the grand coalition

V >
∑
i∈N

vi(a) for any action profilea.

We restrict our attention toMarkovian strategies. Hence, at the contracting phase, a
proposer’s strategy only depends on the current states, a respondent’s strategy only depends
on the current states, the current offer she receivesand the responsesof precedingplayers.At
the action phase, strategies only depend on the current states.AMarkov perfect equilibrium
(MPE) isaMarkovianstrategyprofile,whereeveryplayeractsoptimally at every contracting
phase of the game, and all players play a Nash equilibrium at every action phase.
For a given Markovian strategy, let�1

i (s) denote the continuation value of the game
for player i at the contracting phase at states (before the choice of proposer), and�2

i (s)

denote the continuation value of playeri at the action phase of states. Finally, we denote
by�i = �1

i (s0) the value of the game for playeri at the initial contracting stages0, when
no coalition has formed.

3. Characterization and existence

We now provide a complete characterization of equilibrium. At any states, we first
compute the mixed strategy equilibria at the action phase, taking continuation values�1

i (.)

as given.

4As active players are identified with the coalitions they control, we do not keep track of the identity of the
agents who control coalitions. The new coalition is∪j∈Sj, and we sometimes, as an abuse of notation, just refer
to it asS.
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Theaction stagestartingwith any statescanbe representedbyastandardgame in strategic
form �(s) = (N (s), {Ai(s), ui(s, ·)}i∈N (s)) with a set of playersN (s), with action space
Ai(s), and payoff functionui(s, ·) corresponding to the continuation value of the game at
the action phase. For any strategy profilea, players receive a flow payoff of(1− �)vi(a)
in the current period, and the game moves to the contracting phase in the next period with
statesa, so that the payoff function isui(s, a) = ��1

i (s
a) + (1− �)vi(a). In a Markov

perfect equilibrium, the strategy profile�2 (s) of active players at the action phase of state
smust be a Nash equilibrium of game�(s).
We now suppose that the continuation values at the action phases�2

i (.) are fixed, and
compute the optimal behavior of proposers and respondents at the contracting stage of state
s. If any playerj rejects the contract offered, the gamemoves to the action phase of statesand
playerj receives a payoff�2

j (s). The minimal offer that playerj accepts is�
2
j (s), and thus

any proposer optimally offerstj = �2
j (s).Given an offer(S, t), the state obtained when the

offer is accepted issc with coalition structure(N \S)∪{∪j∈Sj}. The proposeri thus selects
the coalitionS whichmaximizes his value�2

S(sc)−∑j �=i,j∈S �2
j (s). If different coalitions

result in the same maximal payoff, playeri may randomize across the coalitions formed,
and we let�1 (s) denote the probability distribution over all subsetsS ⊂ N (s), i ∈ S that
player i may form at states. We have now completely characterized the Markov perfect
equilibrium of the game at states for fixed continuation values�1

i (.) and�2
i (.).

Therefore, at the action stage, the continuation value is obtained as the equilibrium payoff
of a strategic game played by the active players. At the contracting stage, the continuation
value isobtainedasanexpectedvalue, considering threepossiblesituations.Withprobability
qi(s), player i is called to make an offer, and proposes to form any optimal coalitionS,
obtaining a value�2

S(sc) − ∑
j �=i,j∈S �2

j (s). With probability qj (s), another playerj is
recognized to make an offer, and proposes a coalitionS. Either playeri belongs to coalition
S, and she receives the offer�2

i (s), or otherwise she receives her continuation value�2
j (s

c)

at the action phase (for details see LemmaA.1 in the appendix).
We now prove the existence Markov perfect equilibrium, using Kakutani’s fixed point

theorem.

Proposition 1. The coalitional bargaining game admits a Markov perfect equilibrium.

The characterization results of this section will be used to construct Markov perfect
equilibria in the examples and applications of the next sections.

4. Efficiency

We start the analysis of the coalitional bargaining game by considering games withpure
outside options, where a player’s payoff after exit is independent of the actions of the other
players. Formally:

Definition 1. The underlying gamev is a gamewith pure outside optionsif and only if
players’ exit payoffs are independent of the actions and coalition structures chosen by the
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remaining players i.e. for all c.s.N ,N ′ such thati ∈ N and i ∈ N ′, and allei ∈ Ei ,
a−i = (aj )j∈N \i anda′−i ∈ (a′

j )j∈N ′\i , the payoffsvi(a−i , ei) = vi(a
′−i , ei) are equal.

The class of games with pure outside option naturally includes games in coalitional form,
where exiting coalition/players receive their coalitional worth. But it also encompasses a
wider range of situations. For example, the condition above does not put any restriction on
the interim payoff received by players in the course of negotiations (the inside options).
Furthermore, in games with pure outside options, the payoff of active players may depend
on the exit choice of other players. This is the case, for example, in our second illustrative
application, where a principal contracts with a set of agents, and agents’ payoffs depend on
the exit decision of the principal.
We show that games with pure outside options always admit Markov perfect equilibria

where contracting results in an approximately Pareto efficient outcome. Formally, we show
that for any� > 0,

∑
�i > V − � for all ���(�), where we recall that�i is player

i value at the beginning of the game. We also show that when externalities on players’
exit payoffs are negligible, the coalitional bargaining procedure results in approximately
efficient contracting outcomes.
Conversely, in games where players’ outside options depend on the behavior of other

players,all Markov perfect equilibria may be inefficient(i.e., there exists a� > 0 such
that

∑
�i < V − � in all equilibria and for all���(�)). We exhibit a three-player game

where, in all equilibria, there exists an action stage where the probability of players exiting
is bounded away from zero and, at the initial contracting stage, players have an incentive
to reach the action stage where exit occurs with positive probability. We thus note that
the critical element for the existence of efficient equilibria is the presence of externalities
on outside options. Inside options affect the interim payoffs of the players, and hence the
dynamics of coalition formation and the distribution of gains from cooperation, but play no
role in the theorem and examples of this Section.

4.1. Efficiency in games with pure outside options

Inefficient outcomes arise in the bargaining game when players exit before the formation
of the grand coalition.5 At the action phase, as players’ exit choices are simultaneous,
coordination failures may lead to inefficient equilibria. Consider the following simple two-
player example.

Example 1. Thereare twosymmetric players.Eachplayerhasaccess to twoactions: exiting

(e) and remaining (r). The payoff matrix at the initial stage is:
r e

r (0,0) (0, a)
e (a,0) (a, a)

and the total

value of coalition{12} is V > 2a.

5As we consider situations where players’ discount factors converge to 1, inefficiencies due to delay in the
formation of the grand coalition become negligible.
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Let �1 denote the common continuation value (at a symmetric equilibrium) of both
players at the initial state. In the action phase, the game� played by the two players has a
payoff matrix given by

r e
r (��1, ��1) (�a, a)
e (a, �a) (a, a)

It is easy to see that this game admits an inefficient pure strategy equilibrium where both
players simultaneously exit. Notice that this is not the only equilibrium of the game for high
values of the discount factor�. If � > 2a/V , the game also admits an efficient symmetric
pure strategic equilibrium where both players remain, and�1 = V/2.
Example1 illustrates in the simplest way the fact that coordination failures are unavoid-

able in a model where exit decisions are simultaneous. However, when the discount factor
� is high enough, the game also admits efficient equilibria where both players remain in the
game with positive probability. Coordination failures at the action phase can easily result
in inefficient equilibria at the contracting phase as well.6

Hence, in our search for efficient outcomes, we focus on equilibria without coordination
failures at the action phase. We define anε–R strategy profile as one where all players put
a probability at least equal toε of remaining in the game at every action stage. Formally,
we define:

Definition 2. For anyε ∈ (0,1), an ε–R strategy profile is a strategy profile where all
players play a temporary action with probability at least equal toε at any action phase, i.e.∑

ri∈Ri
�2i (s)(ri)�ε for all playersi in any states. An ε–R Markov perfect equilibrium is

an MPE inε–R strategies.

The class ofε–R equilibria defines a refinement of Markov perfect equilibria. This re-
finement is of interest because we show in Proposition2 that when the discount factor is
high enough,ε–R equilibria always exist in games with pure outside options. Moreover, in
Proposition3 we establish that allε–R equilibria are Pareto efficient in games with pure
outside options.7 Thus ε–R equilibria defines a non-empty class of efficient equilibria
which is immune to coordination failures.8

6To see this, add a third player to the game of Example 1, and suppose that a coalition of two players obtains
a payoffWwhen it exits, withW > 3a, V > W + a andW > 3V/4. In this game, for�� max{3a/W,3(V −
W)/W }, there exists an equilibrium where (i) players initially contract to form a two player coalition, (ii) after a
two player coalition is formed, all players simultaneously exit, and (iii) at the initial action phase when all three
players are present, all players remain in the game. This equilibrium results in the formation of the inefficient
two-player coalition.
7 There may not beε–R equilibria, even for pure outside option games, for low values of the discount factor.

For example, the game analyzed in Example1 does not admit anyε–R equilibrium for low values of�.
8 Preplay communication may be another reason for players avoiding coordination failures. Cooper et al.[3]

find that preplay communication can be quite effective in overcoming coordination failures.
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Proposition 2. For any underlying gamev with pure outside options and any1 > ε > 0,
there exists�(ε) such that for all���(ε), the bargaining game admits anε–R Markov
perfect equilibrium.

Proposition2 is a key result of our analysis. The intuition underlying the result follows.
Consider the constrained coalitional bargaining game where all players are required to play
ε–R strategies. By standard arguments, this game admits a Markov perfect equilibrium.We
show that any equilibrium of theε-constrained game is also an equilibrium of the original
(unconstrained) coalitional bargaining game. Suppose by contradiction that the constraint
were binding for one player. Exiting would then be a strict best response at some action
phase, and the game would end up with early exit with probability at least 1− ε > 0.
This results in an aggregate inefficiency for all the players. However, if the exiting player
had instead chosen to stay, her short-term losses would be negligible (as� is close to one),
and her payoff in the next period would be strictly greater than her outside option. This
last statement is true for two reasons. On the one hand, if the player were not chosen to
propose next period, she would always be able to get her outside option (we use here the
assumption that outside options are pure, so a player cannot be prevented from getting
the same outside option next period). On the other hand, if the player were to propose in
the next contracting phase, she would be able to extract some of the aggregate efficiency
loss, making her payoff strictly greater than her outside option. Hence remaining in the
game must be a better response than exiting at the action phase, and any equilibrium of the
ε-constrained game is also an equilibrium of the original game.
Note that this result depends crucially on the fact that outside options are pure. In games

where outside options depend on the actions of the other players, a player may not be able
to get the same payoff if she exits later in the game. Hence, as we will see in the example
below, Proposition2 does not extend to games where players’ payoff upon exit depends on
the behavior of other players.
Interestingly, takingε converging to 1, Proposition2 shows that, as� converges to one,

the bargaining game admits a Markov perfect equilibrium where the probability of exit at
any action phase converges to zero. In fact, this result can be strengthened, as we can show
that, as� converges to 1, inall ε–R equilibria, the probability of exit of all the players
at any action phase converges to zero. Furthermore, as the probability of remaining in the
negotiations converges to one, the grand coalition will ultimately be formed in equilibrium,
and the bargaining procedure results in an efficient outcome.

Proposition 3. For any game with pure outside options, as� converges to one, the prob-
ability of exit in all ε–R Markov perfect equilibrium converges to zero for all the players
at all states, and the equilibrium outcome converges to an efficient outcome(i.e., for any
� > 0 there exists a�(�) such that

∑
�i > V − � for all ���(�) ).

Propositions2 and3 thus show that, for games with pure outside options, as� converges
to 1, there exists a Markov perfect equilibrium resulting in an efficient outcome. We now
show that these results are robust to the introduction of small external effects.When outside
options are approximately pure, we can still show thatε–R Markov perfect equilibria with
no coordination failure exist for high discount factors. For� close enough to one, this
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guarantees that the game admits a Markov perfect equilibrium where players exit at the
action phase with a probability close to zero, and the outcome of the bargaining procedure
is approximately efficient. Formally:

Proposition 4. Letmaxi,ei ,a−i ,a
′−i

|v(a−i , ei)−v(a′−i , ei)| = �(v).Forany1> ε > 0 there
exists�(ε) > 0 and�(ε) such that for all���(ε), and all games satisfying�(v)��(ε), an
ε–R Markov perfect equilibrium exists. Furthermore, for any� > 0 there exits�(ε, �) >

0 and �(ε, �) such that allε–R Markov perfect equilibria result in an outcome which is
approximately Pareto efficient, i.e.

∑
�i �V −� for all ���(ε, �) and all games satisfying

�(v)��(ε, �).

4.2. Externalities on outside options and inefficiencies

We now provide an example to show that when players’ outside options depend on the
behavior of other playersall Markov perfect equilibria may be inefficient. As all two-player
games are efficient at the contracting stage,9 this example involves three players.

Example 2. There are three symmetric players with two actionsr ande. At the initial stage
(states1), when the players are singletons, payoff matrices are given by

r e

r (0,0,0) (0,2,0)
e (2,0,0)(−1,−1,0)

r e

r (0,0,2) (0,−1,−1)
e (−1,0,−1) (−1,−1,−1)

r e

where player 1 chooses rows, player 2 chooses columns, and player 3 chooses matrices. If
two players form a coalition (states2), the payoff matrices are given by

r e

r (0,0) (0,9)
e (2,0) (−1,−1)

where player 1 (row) is the singleton player and player 2 (column) the two-player coalition.
If the grand coalition forms, the total payoff isV = 10. All players have equal proposer
probabilities and they are very patient (� close to one).

In this example, after the exit decision of any player, the dominant strategy of remaining
players is to playr and they have no incentives to form any further coalitions. Hence, as
soon as one player has exited, equilibrium behavior is easily characterized, and we focus
on those states where all players are still present in the game. Our goal is to show that there
are no efficient equilibria. We prove this result in two steps, first analyzing the subgame in
which a two-player coalition has formed (states2) and then the initial contracting stage of
the three-player game (states1).

9 In two-player games, the sumof continuation values at the action stage is�21+�22 < V.Thus, at the contracting

phase, a proposeri always offer�2−i to form the grand coalition since its payoff isV − �2−i > �2i , and the
respondent accepts the offer.
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(i) Consider states2 where a two-player coalition has formed. The action stage admits a
unique, inefficient, equilibrium where both players employ mixed strategies.10 The equi-
librium utilities and offers are given by the solution to the nonlinear system of equations:

�1
1 = 10− �2

2 + �2
1

2
,

�1
2 = 10− �2

1 + �2
2

2
,

�2
1 = ��2�

1
1 = 2�2 − (1− �2),

�2
2 = ��1�

1
2 = 9�1 − (1− �1).

This system of equations admits a unique solution (continuous in�) which converges to
�2
1 = 0.54 and�2

2 = 8.42, �1 = 0.94, and�2 = 0.51, as� converges to 1. Note that
the value of the two-player coalition is�2

2 > 8 and that there is an efficiency loss as∑2
i=1�2

i < 9< V = 10.
(ii) Now consider states1.We first establish that one of the players must have a continua-

tion valueat theaction stagesatisfying�2
i (s1) > 2.Supposebycontradiction that�2

i (s1)�2
for all playersi. At the contracting stage, by proposing to form a two-player coalition, a
player will be able to obtain a payoff�2

2(s2) − �2
i (s1) > 8− 2 = 6. Since every player is

recognized to make an offer with probability 1/3, we conclude that the continuation value
at the contracting stage of states1,�

1
i (s1) is bounded below by 1/3(�2

2(s2)− �2
i (s1)) > 2.

But this implies that, as� converges to 1, in equilibrium, all players remain at the action
stage of states. If at least one of the other players exits, remaining is clearly a dominant
strategy. If the two other players remain, remaining must be a best response, because for�
close enough to 1,��1

i (s1) > 2 and the outside option has value 2. As all players remain at
the action stage, we thus have�2

i (s1) = ��1
i (s1) for all players. This last statement results

in a contradiction because we assumed�2
i (s1)�2 and we showed�1

i (s1) > 2.
Now, let i be a player with continuation value�2

i (s1) > 2. Then, in any equilibrium,
playersj andkmust propose to form the two-player coalition{j, k} at the contracting stage
of states1. This statement results from the fact that the marginal benefit of including player
i in the contract(V − �2

2(s2)) is smaller than the minimal transfer that playeri will accept
to join the coalition,�2

i (s1). Hence, at least in two thirds of the cases (when playersj or k
are chosen to make the initial offer), the equilibrium of the game results in the inefficient
formation of a two-player coalition. This clearly implies that the initial values of the game
satisfy

∑
�i < V.

Example2 is clearly robust to small perturbations in the payoff matrices. Furthermore, in
the next section, we provide an economic application (market entry with synergies) giving

10Clearly simultaneous exit cannot be a Nash equilibrium of the game, and there cannot be equilibria where
one player exits and the other one randomizes between staying and exiting. If both players choose to remain,
their continuation value will be��1i and as�

1
1 + �12�10, one of the players has an incentive to take her outside

option. The strategy profiles(e, r) and(r, e) cannot be equilibria either. For example, if player 1 exits and player
2 remains,�21 = 2 and�22 = 0. Player 1 then has an incentive to remain, as she would obtain either her outside
option (if the other player proposes next period) or the entire surplusV (if she proposes next period). A similar
argument shows that there is no equilibrium where one player remains and the other one randomizes between
staying and exiting.
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rise to a payoff structure which is equivalent to the payoff structure of Example2. In the
absence of a complete characterization of games resulting in inefficient outcomes, we note
that the example displays two crucial properties:

(i) there exists an action stage where in equilibrium, the probability of exit of all players
is bounded away from zero (for all�� �̄);

(ii) at the initial contracting stage, players have an incentive to reach the action stage where
exit occurs with positive probability.

Property (i) highlights the difference between the case of pure outside options (where
there always exist an equilibrium with all players remaining for� close to 1) and general
games. In our example, the outside option of a player crucially depends on the behavior of
the other player. By exiting alone, both players obtain positive payoffs (of 2 or 9), but the
outside options become negative when both players exit simultaneously. Hence, a player
may choose to exit today, because by waiting one period, she might be unable to retain the
same outside option. In games with two players and two actions, it can be checked that the
structure of our example (a “game of chicken’’where(e, e) gives lower payoffs than(r, r),
and the sum of the maximal outside options of the two players is greater thanV) is the only
structure for which all equilibria are inefficient.
Property (ii) can only be satisfied if the payoff of a two-player coalition is large with

respect to the value of the grand coalition.A rapid look at the equations defining equilibrium
at the action stage shows that the most favorable condition for�2

2 to be high is when the
outside option of the two-player coalition is high and the outside option of the singleton is
low. (In our example, the outside option of the two player coalition(9) is much higher than
the outside option of the singleton player(2)). In other words, the formation of a two-player
coalition must result in a large increase in the value of the outside option.

4.3. Relation to the literature

We contrast our analysis with the previous results of Seidmann and Winter[20] and
Perry and Reny[15]. The extensive form considered by Seidmann and Winter[20] differs
from ours in two important respects. First, at the contracting phase, their game uses a
fixed protocol. After any offer is accepted, the proposer is chosen according to a fixed
rule, and upon rejection of an offer, the next proposer is the player who rejected the offer.
Second, players are individuals rather than coalitions, and in particular, any individual
player can unilaterally choose to implement the contract and force the coalition to exit.11

In their analysis of the irreversible game, Seidmann andWinter[20] only study three-player
examples, and their objective is to “demonstrate by example that [...] the gamemay possess
solutions in which the grand coalition does not formwhen players are patient. Indeed, every
solution may be partial’’[20, p. 807].

11This leads in their model to inefficient equilibria due to a coordination failure inside coalitions. As any player
can unilaterally choose to exit, there always exists an equilibrium where coalitions exit at every stage[20, Lemma
(i), p. 808]. This type of coordination failure is of course reminiscent of the coordination failure across coalitions
exhibited in our paper (see Example1).
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Interestingly, Seidmann andWinter[20] construct an example whereall equilibria result
in the formation of partial coalitions[20, Example 5, p. 809]. 12 As this example seemingly
contradicts our results (that all games with pure outside options admit efficient equilibria
when players become perfectly patient), we examine it in detail.

Example 3(Seidmann andWinter[20] ). n = 3. There are two actions,e andr.Any player
exiting alone receives 0.When bilateral coalitions exit, they receivev ∈ (2/3,1), and when
three players exit, they receiveV = 1.

In their example, Seidmann and Winter[20] suppose that, after a two-player coalition
has formed, the next proposer is always the outsider. A simple heuristic argument shows
why equilibrium must result in early exit. Following the formation of the coalition, the
game is an alternating-offers bargaining game among three players, where the two mem-
bers of the coalition have outside optionsv1 andv2 satisfyingv1 + v2 = v > 2/3. If
the players do not exercise their outside options, then the initial proposer (the outsider)
receives a payoff greater than 1/3, and hence one of the two insiders has an incentive to
take her outside option. If one of the players exercises her outside option, then she re-
ceives�vi < vi and hence, should have exited immediately after the formation of the
coalition.
Why do we obtain a different result in our game with random proposers? We suppose

that all players have a positive probability to make an offer at every stage. Hence, following
the formation of the two-player coalition, any insider has a positive probability to make
the offer, and capture some of the additional surplus. However small the probability that
this player proposes, there always exist a high enough discount factor for which the player
prefers to wait one more period. Hence, there exists an equilibrium where the insiders do
not exit, and the grand coalition is formed.
The parallel between our model and Perry and Reny[15]’s analysis is harder to draw.

Perry andReny[15] consider a game in continuous time, with no rigid sequence of contract-
ing and action phases. Allowing players to make multiple rounds of offers before actions
could indeed eliminate inefficiencies in games with externalities on outside options. In
our Example2, if players could make another offer following the formation of the two-
player coalition, the equilibrium would result in the formation of the grand coalition. (At
the contracting phase following the formation of the two-player coalition, there is in fact
an equilibrium where all players make acceptable offers.) However, allowing players to
make multiple rounds of offers before taking decisions would make the model closer to
a game with continuous renegotiation, and decrease the role of outside options. If outside
options are an important feature of the negotiations, and players cannot continuously delay
their decisions, the type of externalities illustrated by Example2 can always result in early
exit.

12Seidmann andWinter[20] note however that this inefficiency result is only obtained for some protocol, where
the first player to make an offer after a two-player coalition is formed is the outsider. If instead one of the coalition
members were chosen to make the offer, there would exist an efficient equilibrium[20, Example 4, p. 810].
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5. Applications

In this Section, we develop four applications of the model to economic problems. We
study the Markov perfect equilibria of the bargaining game, and we analyze the distribution
of the surplus induced by the equilibria and the dynamics of coalition formation.

5.1. Multilateral bargaining with outside options

Bilateral bargaining with outside options is a problem that has been widely studied
(e.g.,[21,22]) and has been applied to a variety of economic problems (labor negotiations,
marriage, contract theory, etc.).Yet little is known about its natural extension to an arbitrary
number of players. We develop this extension in this section and show that the equilibrium
exhibits some novel properties.
In the multilateral bargaining game with outside options there aren players who can

collectively achieve a surplusVwhen the grand coalition forms. Each player is characterized
by an outside optionvi for all i = 1, . . . , n. At the action stage each player can choose
between remaining or exiting. In the appendix, we obtain the following closed-formsolution
for theε–R Markov perfect equilibrium as� converges to one.

Proposition 5. Themultilateral bargaining with outside options has the following Markov
perfect equilibrium outcome:
(i) If v� 1

n
V , wherev = maxi=1,...,n vi is the largest outside option, the equilibrium

payoffs converge to

�i = vi + (v − vi)∑n
j=1(v − vj )


V −

n∑
j=1

vj


 ,

for all i ∈ N and only the player with largest outside option opts out; the opt-out probability
� satisfies

lim
�→1

�
(1− �)

= nv − V

V −∑n
j=1 vj

.

(ii ) If v� 1
n
V the equilibrium payoffs converges to�i = 1

n
V , for all i ∈ N and no player

opts out at the action stage.

This equilibrium is a generalization of the equilibrium of Example1, when players
remain in the game with positive probability. It reflects the “outside options principle’’:
either outside options are binding and the player with the largest outside option receives
her outside option, or they are not binding and the outcome of bargaining is unaffected by
the outside options (see[22]).
However, the equilibrium exhibits a novel property. The equilibrium payoff of all the

playersdependon theentirevector of outsideoptions, including thesmallest outsideoptions.
This result can easily be interpreted. In equilibrium, the player with the largest outside
option randomizes between exiting and staying. Hence, if a player rejects the offer at the
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contracting stage, every player will obtain her outside option with positive probability. The
equilibrium offer to any playeri is thus a function of the entire vector of outside options,
and is increasing invi .
The model puts forward testable empirical predictions that could be explored in experi-

mental studies. The model has other comparative statics implications (besides the one that
player’s payoff are increasing on their outside option). It also predicts that an increase in the
highest outside option increases the sensitivity of a player’s payoff with respect to her own

outside option,�
2�i

�v�vi
�0. Increasing the largest outside optionv, increases the probability

of opting out, and the bargaining outcome becomes more sensitive to the outside options of
all the players.

5.2. Contracting with externalities

Segal[19] analyzes a contracting model with externalities, in which a principal contracts
with several agents. Players’ utilities depend on the trades (actions) chosen by the princi-
pal and the agents he has contracted with, so that agents excluded from the contract may
suffer (or benefit from) externalities. Segal[19] shows that this general structure encom-
passes a number of specificmodels, ranging frommodels in industrial organization (vertical
contracting, exclusive dealing, network externalities, mergers to monopoly), to models in
finance (debt restructuring, takeovers) or public economics (the provision of public goods
and bads). Our goal here is to analyze this principal–agent problem in a dynamic setting
(Segal’s model is static) and explore the role of outside options, or irreversibility of trades,
in the allocation of gains and the efficiency of the outcome.
Specifically, we recast Segal’s principal–agent game in our model as follows. At any

contracting phase, the principal proposes to form a coalition with a setS of agents. (As
in [19], we suppose that the principal has all the bargaining power, and that agents cannot
contract among themselves.) Hence, coalitions necessarily include the principal. At any
action phase, active agents have a no-trade decision (remain) and the coalition including
the principal and all agents with whom she has contracted may also choose to trade (which
is an irreversible decision).
Formally, trade among the principal and agenti is described by the actionai ∈ [0, a],

wherei = 1, . . . , n. Externalities among agent’s actions are captured by the following
utility structure. Any agenti trading with the principal receives a payoffai�(A) + 	(A),
whereAdenotes aggregate trade,A = ∑n

i=1 ai . If an agent does not tradewith the principal,
she chooses the no-trade actionai = 0, and obtains a payoff	(A). The principal’s payoff
is given byF(A). 13 Without loss of generality, all players no-trade payoffs are normalized
to zero (i.e.,F(0) = 	(0) = 0).
Principal agent models can be divided into two broad categories, according to the sign

of the externalities that traders impose on nontraders.

13When agents are identical, this utility specification is equivalent to the linearity condition (condition L)
proposed by Segal[19, p. 341]. Segal[19] shows that this condition is satisfied in a variety of economic models.
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Definition 3. Externalities on non-traders are positive (negative) if their payoff	(A) is
increasing (decreasing) in the aggregate tradeA = ∑

ai .

When coalitionS trades (or exits) it chooses the tradeAS that maximizes its payoff, i.e.
v(S) = maxA F(A)+A�(A)+ |S|	 (A); the payoff received by agents outside coalitionS
when there is exit is thusvi(S) = 	(AS).

Interestingly, despite the existence of externalities, the underlying game is a pure outside
option game because the aggregate payoff of principal and agents who are contracting,
v(S), does not depend on actions of other no-trading agents.We now characterize aMarkov
perfect equilibrium for� converging to one. When externalities on nontraders are positive,
it is easy to see that the multilateral bargaining procedure immediately reaches an efficient
agreement. By offering to form the grand coalition, and offering to each agent his minimal
payoff (the no-trade value), the principal can extract the entire surplus. As the principal has
all the bargaining power and agents’ outside options are minimized with no trade, these
offers constitute a subgame perfect equilibrium.14

When externalities on nontraders are negative, the structure of equilibrium is more com-
plex. First notice that for all coalitionsS ⊂ T , S �= ∅

v(S) = F(AS) + AS�(AS) + |S|	(AS)

� F(AT ) + AN�(AT ) + |S|	(AT )

� F(AT ) + AT �(AT ) + |T |	(AT ) = v(T ),

where the first inequality is due to the fact thatAS is the optimal trade of a coalitionS, and
the second inequality is due to the fact that externalities are negative (because	(0) = 0,
	 (AT ) �0).15 Hence, when externalities are negative, the principal obtains a higher payoff
in a subcoalitionS than in the grand coalition and her exit optionv(S) is greater than the
total surplusV.
Therefore, after acoalitionSis formed, itwill requireapositive transfer fromall remaining

agents to form the grand coalition. The coalition receives a transferv(S)−V
|N |−|S| per agent.

16

Note that this transfer is an average of what the remaining agents get if the coalition trades,
vi(S), and what they get if the coalition does not trade, 0 (the weights depend on the
probabilities that the coalition chooses to exit or stay at the action stage).
The coalition that forms in the first step is the one that can extract the highest transfer

from agents after formed,

v∗ = max
S

v(S) − V

|N | − |S| .

In the appendix, we construct a Markov perfect equilibrium where the principal is able
to extract a transferv∗ from all agents, and the grand coalition is formed in two steps.
Summarizing our findings we have:

14Segal[19, p. 368]also notes that in games with positive externalities, efficient outcomes can easily be reached
by having the principal make an offer conditional on unanimous acceptance.
15The normalization,	 (0) = 0, implies that in games with positive (negative) externalities	 (A) > 0 (	 (A) <

0), wheneverA > 0.
16The transfer made by each agent is the solution ofv(S) + x(|N | − |S|) = V.
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Proposition 6. The principal agent problem has the following efficient Markov perfect
equilibrium outcome:

(i) Positive externalities: the principal offers to form the grand coalition offering to each
agent his minimal payoff(the no-trade value); all agents get the no-trade value and the
principal extracts the entire surplus;

(ii ) Negative externalities: the principal proposes to form a random coalition that max-
imizesv(S)−V

|N |−|S| , askingv
∗ for each agent receiving the offer. Then, the principal forms the

grand coalition with the remaining agents, also askingv∗ per agent, and when at the action
stage exits the game with a positive probability, converging to0 as� converges to one.

Hence, when externalities are negative, the principal has an incentive to contract with the
agents in twosteps. In thefirst step, theprincipal formsacoalitionwhichgeneratesmaximum
negative external effects on the remaining players. In the second step, the principal uses his
credible outside option to extract high transfers from the agents (see also[5]). 17 On the
other hand, in the positive externality case, contracting takes place in only one step.

5.3. Public good provision

Ray and Vohra[17] analyze the formation of coalitions providing a pure public good.
The leading illustration of their model is the formation of groups of countries deciding on
abatement levels in international negotiations over transboundary pollution. They assume
that each agent has a utility given byv = Z − c(z), whereZ is the total amount of public
goods provided andz the quantity produced by the agent, withc(.) strictly increasing,
strictly convex andc′(0) = 0.When a coalitionSexits, it chooses its level of public good
ZS in order to maximize

ZS − c

(
ZS

|S|
)
.

We restrict our analysis to a symmetric three-player game. Suppose that every player only
hasaccess to two strategies: remaining (r), resulting in a zero contribution to thepublic good,
and exiting(e) where she contributes her optimal level of public good. Asc′(0) = 0, every
coalition will ultimately choose to exit and provide the public good. Hence, as� converges
to 1, the only relevant payoffs are the payoffs obtained by the three players when they exit
as singletons (denoteda), the payoffs obtained when a two-player coalition and a singleton
exit (denotedb for the two-player coalition andc for the singleton), and the total payoffV
obtained by the grand coalition when it exits. Furthermore, as the optimal level of public
good for coalitionSis independent of the choices of the other players, and the cost function
c is strictly convex, the game is strictly superadditive, i.e.b > 2a andV > b + c.

It is easy to check that theε–R equilibria of this game result in the formation of the
grand coalition. Once a two-player coalition has formed, the game becomes equivalent to
an asymmetric version of Example1, and in anε–R equilibrium either both players remain

17Genicot andRay[5] also consider the contracting problemamong the principal and several agents (the negative
externality case) usingadifferent dynamic framework thanours.Theyalso find that contractingwill occur in several
steps.
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in the game (and obtainV/2 each), or the large player randomizes between exiting and
staying, and obtains her outside optionb (whenb�V/2). Hence, either the grand coalition
is formed immediately, or a two-player coalition forms, and negotiates with the remaining
player to form thegrandcoalition.Onecancheck that it is optimal to form thegrandcoalition
immediately when the outside value of a partial coalitionb is not too high; if this outside
option is high, the grand coalition is formed in two steps, and members of the two-player
coalition obtain their outside optionb. Formally, we obtain the following proposition:

Proposition 7. In the three-player public good application, there exists a uniqueε–R
Markov perfect equilibrium, as� converges to1.This equilibrium give rise to the formation
of the grand coalition. Ifb�2V/3, the grand coalition is formed immediately; if b > 2V/3,
the grand coalition is formed in two steps.

It is instructive to contrast the result of Proposition7with the analysis of Ray and Vohra
[17], who use a different model of coalitional bargaining. In Ray and Vohra[17]’s model,
players make offers to form coalitions according to a fixed protocol. As coalitions exit the
game immediately after they are formed, exit decisions are taken sequentially. In thismodel,
it is easy to see that the procedure may end up in an inefficient equilibrium, where some
players decide to leave early, in order to free ride on the coalition formed by subsequent
players. (More precisely, the first player may choose to exit, anticipating that the next two
players formacoalition; this early exit decision is optimalwheneverc > V/3.) Inourmodel,
by contrast, exit decisions are taken simultaneously. If a player makes an unacceptable offer
at the initial stage (or rejects the offer), all players simultaneously choose whether to exit at
the action phase, resulting in a value less thanV/3.Hence, players cannot commit to exit and
free ride on the coalitions formed by other players, and the equilibrium outcome is efficient.
Finally, the dynamics of coalition formation reported in Proposition7 is reminiscent of
Seidmann and Winter[20]’s results in games without externalities. Seidmann and Winter
[20] show that non-emptiness of the core is a necessary condition for the grand coalition to
form immediately. If we interpretb as the value of a two-player coalition, non-emptiness
of the core is equivalent tob�2V/3. Hence, as in[20], but within a different model of
coalitional bargaining, we observe that the grand coalition forms immediately when the
worth of intermediate coalitions is small, and formgraduallywhen theworth of intermediate
coalitions becomes large.

5.4. Market entry with synergies

Suppose that three symmetric firms contemplate entering amarket with fixed entry costs.
Bymaking a prior agreement, firms can benefit from synergies which will reduce their entry
cost. Individual firms face an entry costF, a coalition of two firms faces an entry costG,
with G < F and the entry cost of the coalition of three firms is normalized to zero. If a
single firm enters the market, it obtains a gross monopoly profit 1> F ; if two or three
firms enter the market simultaneously, price competition drives profits down to zero for all
the firms which have entered the market. Obviously, the Pareto efficient outcome is for the
grand coalition to form and enter the market.
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We analyze this model by assuming that coalitions choose between two strategies staying
out of the market(r) and entering the market (e). Clearly, once one firm has entered the
market, the other firms should abstain from entering. Hence, as� converges to 1, the payoff
matrices of the game� played at the action phases converge to:

r e
r (�,�,�) (0,1− F,0)
e (1− F,0,0) (−F,−F,0)

r e
r (0,0,1− F) (0,−F,−F)

e (−F,0,−F) (−F,−F,−F)

r e

where player 1 chooses rows, player 2 chooses columns, and player 3 chooses matrices,
and� denotes the continuation value of the game at the initial contracting phase.
If two players form a coalition, the payoff matrices are given by

r e
r (�1,�2) (0,1− G)

e (1− F,0) (−F,−G)

where player 1 is the singleton player and player 2 the two-player coalition and�1 and�2
denote the continuation value at the contracting phase of the two players.
As long as 1> F + G, it is easy to see that the two-player game played after a two-

player coalition has formed is equivalent to the two-player game of Example2, and the
only equilibrium at the action phase involves both players employing completely mixed
strategies. Now assume that there is a large different between the fixed costs of single
firms and of coalitions of two firms (F > 4/5 andG < 1/5). In that case, the three-
player symmetric game becomes equivalent to the game of Example2. In the appendix,
we show that the Markov perfect equilibrium of the game results in the inefficient forma-
tion of a two-player coalition, which exits the game with positive probability at the action
phase.

Proposition 8. In the three-player model of market entry with synergies, as� converges to
1, the Markov perfect equilibria of the game lead to the formation of a two-player coalition
in the initial contracting stage,and firms inefficiently exit the gamewith positive probability
at the action phase.

Proposition8 shows that inefficient outcomes arise not only in numerical examples,
but also in significant economic models. Inefficiencies may also obtain in a larger class
of models in Industrial Organization where firms decide whether to invest in a project
and benefit from synergies by forming coalitions. A typical example of those situations
are research joint ventures (RJV) which have been analyzed, among others, in[4,9]. If
spillovers in R&D are low, R&D decisions are strategic substitutes and partial RJVs cre-
ate significant value because they impose negative externalities on non-participants. Our
results suggest that these two ingredients combined may lead to the formation of in-
efficient partial RJVs. On the other hand, if there are significant R&D spillovers then
R&D decisions are strategic complements, and we expect the formation of a compre-
hensive RJV.
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6. Conclusion

This paper proposes a coalitional bargaining model in which coalitions strategically
interact and endogenously choosewhether or not to exit. This formulation is general enough
to study the formation of coalitions and the distribution of gains from cooperation in a wide
variety of economic models with externalities and outside options. We show that when
outside options are independent of the actions of other players, there exists Markov perfect
equilibria (the class of MPE without coordination failures) which converge to efficient
outcomes when the players become perfectly patient. On the other hand, in games with
general outside options, all equilibria may be inefficient.
These results highlight the difference between our model and previous models of coali-

tional bargaining. In a setting with externalities, Ray andVohra[16] show that when players
cannot renegotiate, the outcome of coalition formation is typically inefficient, as players
have an incentive to leave the game before extracting all the surplus. On the contrary,
Gomes[6] establishes that when renegotiation occurs and players cannot choose to exit,
the outcome is always efficient. Our study identifies a new type of friction—externalities
on players’ endogenous outside options—that may lead to bargaining inefficiencies.
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Appendix. Proofs

Proof of Proposition 1. In the proof we use the following lemma, which follows from the
discussion in Section 2:

Lemma A.1. A strategy profile� is a Markov perfect equilibrium if and only if there exists
payoffs�1

i (s),�
2
i (s) such that:

(i) at the action stage, �2(s) is a Nash equilibrium of the game�(s) and�2
i (s) is the

equilibrium payoff of coalition i at this equilibrium;
(ii ) at the contracting stage, for all offers(t,S) in the support of�1(s):

tj = �2
j (s) for all j ∈ S,

and

S ∈ arg max
C⊂N (s),i∈C

�2
C(s

c) −
∑
j∈C

�2
j (s).
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The continuation value at the contracting stage is given by

�1
i (s) = qi(s)

∑
S

�1i (s)(S)


�2

S(sc) −
∑
j∈S

�2
j (s)




+
∑

j∈N (s)

qj (s)
∑
C

�1j (s)(C)(1i∈C�2
i (s) + 1i /∈C�2

i (s
c)),

whereqi(s) is the probability that coalition i makes an offer at state s and1 is the indicator
function.

WedefineacorrespondenceF : �×�×
1×
2 →→ �×�×
1×
2whosefixedpoints
are the MPE.� is the set of continuation values� = (�i (s)), which are bounded below
by min{vi(a): for all statess and action profilesa}. Furthermore, the sum∑i∈N (s) �i (s)

is bounded above byV so� is a closed, convex interval of a finite-dimensional Euclidean
space. Let
1 be the set of proposers’ strategies�1 at the contracting stage. Omitting the
transfers (which are defined as the value of the coalition at the next action phase),�1i (s)
is a probability distribution over the finite set{S ⊂ N (s) : i ∈ S}. Let 
2 be the set
of strategies�2 at the action stage. For any states and any coalitioni ∈ N (s), �2i (s) is
a probability distribution over the finite setAi(s). Both 
1 and
2 are thus convex and
compact subsets of a finite-dimensional Euclidean space.
The correspondenceF is defined as follows.(�1,�2,�1,�2) ∈ F(�1,�2,�1,�2) if and

only if

�1
i (s) = qi(s)

∑
S

�1i (s)(S)(�2
S(sc) −

∑
j∈S

�2
j (s))

+
∑

j∈N (s)

qj (s)
∑
C

�1j (s)(C)(1i∈C�2
i (s) + 1i /∈C�2

i (s
c)),

�2
i (s) = ui(s,�2)(�

1,�2,�1,�2),

supp(�1i (s)) ⊂ arg max
C⊂N(s),i∈C

�2
C(s

c) −
∑
j∈C

�2
j (s),

supp(�2i (s)) ⊂ argmax
ai∈Ai(s)

{uS(s, ai,�2−i )(�
1)},

where supp denotes the support of a probability distribution, and where, for any�2 ∈ 
2,

ui(s,�2)(�
1) =

∑
a=(aj )j∈N (s)


 ∏

j∈N (s)

�2j (s)(aj )


 (��1

i (s
a) + (1− �)vi(a)).

According toProposition 1, the fixed points ofF areMPE.To show thatF has a fixed point
weapply theKakutani fixedpoint theorem.Wehavealready noted thatZ = �×�×
1×
2

is a compact and convex subset of a finite-dimensional Euclidean space, andF(Z) ⊂ Z.
Furthermore, standard arguments show thatF(z) is a convex (and non-empty) set for all
z ∈ Z, and thatF has a closed graph. Thus the Kakutani fixed point theorem applies.�
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Proof of Proposition 2. The proof is by contradiction. Suppose there is a sequence�k

converging to one such that there is noε–R strategy that isMPE for each gamewith discount
rate�k. A proof similar to the one of Proposition 1, yields that the constrained coalitional
bargaining game, where all players are required to playε–R strategies also admits a MPE
(in ε–R strategies). Let�k be an MPE of each constrained game in the sequence. (In the
remainder of the proof, we will show that�k is also a MPE of the unconstrained game,
which leads to a contradiction.)We use a notation below where superscriptk represents the
game in the sequence with discount rate�k (so, for example,�2,k

i (s) is the value of player
i in statesat the action stage of gamek).
Let s be a state where no coalitions have opted out andi ∈ N (s) a coalition for which

the constraint is binding,

vi := max
ai∈Ei

vi(ai,�2−i ) > uk
i (s, ai,�

2−i ) for all ai ∈ Ri, (1)

so that
∑

ai∈Ri
�2i (s)(ai) = ε. Let K be the minimum aggregate efficiency loss when one

coalition opts out. By assumption,K > 0. Since coalitioni opts out with probability(1−ε),
and, oncei opts out, the aggregate payoff isvN(ak)�V − K, for all future action profiles
ak,�2,k

N (s)�V − (1− ε)K. (We denote sums
∑

i∈N (s) vi(a) by vN(a) and
∑

i∈N (s) �i (s)

by�N(s)).
We now estimate the lowest payoff that coalitioni can obtain in theε-constrained game.

She can guarantee for herself at leastvi by opting out, but in theε-constrained game she
can only opt with probability at most equal to 1− ε. The strategy of opting out of the game
with probability 1−ε, and choosingai such thatvi = minai∈Ri

mina−i∈A−i
vi(ai, a−i )with

probabilityε at every action stage, and of not making any offers and rejecting any offers
made at every contracting stage, yields coalitioni at least (at either the action or contracting
phases)

�
i
= viε(1− �) + (1− ε)vi

1− �ε
, (2)

which converges tovi when� converges to 1. This formula comes from the evaluation of
�

i
= E[∑∞

t=0 �t (1− �)vi(at )]: at t = 0 with probability(1− ε) the value is equal tovi
and with probabilityε the flow att = 0 is (1− �)vi and the continuation value is��

i
. So

we have that�
i
= (1− ε)vi + ε[(1− �)vi + ��

i
] which yields (2). Because�j,k

i (s) is the
value associated with an MPE of the constrained games, and�

i
is the lowest payoff that

coalition i can obtain deviating to theε–R strategy described above, we have�j,k
i (s)��

i
,

for j = 1,2.
In addition,

�1,k
i (s) � (1− qi(s))�i

+ qi(s)


V −

∑
j∈N (s)\i

�2,k
j (s)




= (1− qi(s))�i
+ qi(s)�

2,k
i (s) + qi(s)


V −

∑
j∈N (s)

�2,k
i (s)


 , (3)
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which implies�1,k
i (s)��

i
+qi(s)(1− ε)K. But coalitioni’s payoffuk

i (s, ai,�
2−i ), for any

ai ∈ Ri, is at least equal to

(��1,k
i (s) + (1− �)vi) + (1− )(��

i
+ (1− �)vi), (4)

where�εN (s)−1 is the probability that all remainingN (s)\i coalitions choose reversible
actions. Combining our findings so far, we get

lim
k→∞ inf uk

i (s, ai,�
2−i ) � (vi + qi(s)(1− ε)K) + (1− )vi)

= vi +  · qi(s)(1− ε)K > vi

which is in contradiction with inequality (1). �

Proof of Proposition 3. We prove that as� converges to one, allε–R MPE converge to
a Pareto efficient outcome. Assume by contradiction that there is a states for which the
statement is false. (In case there are multiple states for which the statement is false, choose
one with the smallest number of active players.) Then there is a subsequence�k converging
to one satisfying�2,k

N (s)�V − K, whereK > 0. The payoff of any playeri ∈ N (s)

also satisfies inequality (3) thus�1,k
i (s)�vi + qi(s)K > vi. Since playeri’s payoff from

remaining in the game is greater than expression (4), for k large enough, it is greater than
vi +  · qi(s)K > vi . Thus in equilibrium no player opts out, and�1,k

i (s) = �2,k
i (s).

Consider the players’ strategies at the contracting stage of states. Forming the grand
coalition yields a strictly positive gainV − �2,k

N (s)�K > 0. But then in all statessc, there

are fewer active players than in states, and thus by our initial assumption,�2,k
N (sc) → V .

In addition, the aggregate payoff is equal to

�1,k
N (s) =

∑
j∈N (s)

qj (s)

(∑
S

�1j (s)(S)�2,k
N (sc)

)
,

which implies that�1,k
N (s) = �2,k

N (s) → V , resulting in a contradiction. It is clear that
if the probability of early exit did not converge to zero, then the MPE could not converge
to the Pareto efficient outcome. Moreover, since the probability of early exit converges to
zero, then the equilibrium payoffs at both stages converge to the same value.�

Proof of Proposition 4. The structure of the proof is similar to the structure of the proofs
of Propositions2 and3 and we only outline the steps that are different.
For alli, there existvi such that maxei ,a−i

|vi(ei, a−i )−vi |��/2. Inequality (1) changes
to

vi + �/2> max
ai∈Ei

vi(ai,�2−i ) > uk
i (s, ai,�

2−i ) for all ai ∈ Ri. (5)

The same argument as in the proof of Proposition2 shows that�
i
�vi − �/2,

lim
k→∞ inf �1,k

i (s)�vi − �/2+ qi(s)(1− ε)K,
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and coalitioni’s payoffuk
i (s, ai,�

2−i ), is at least equal to

(vi − �/2+ qi(s)(1− ε)K) + (1− )(vi − �/2).

Combining the results, we get

lim
k→∞ inf uk

i (s, ai,�
2−i )�vi − �/2+  · qi(s)(1− ε)K,

which is greater thanvi + �/2 for � small enough, resulting in a contradiction.
To show that the equilibrium is approximately efficient, an adaptation of the proof of

Proposition3shows that equilibrium payoffs satisfy�1,k
i (s)�vi − 1

2�+qi(s)K > vi + 1
2�

for k large enough and� small enough. Hence, at the action phase, no player wants to opt
out, and at the contracting phase, all players want to form some coalition. This implies that
the equilibrium is approximately efficient.�

Proof of Proposition 5. We construct the equilibrium. At any stateswhere some players
have opted out, the equilibrium strategy is for all active players to opt out. At any states
where no player has opted out, letS1, . . . , Sm be themactive coalitions (indexed byj), and
let S1 be the coalition with the highest outside option (and suppose that there is a single
coalition with the highest outside option).
We propose the following strategies. At the contracting stage, every player proposes to

form thegrand coalition, and to offerxj to other coalitions, resulting in expectedequilibrium
payoffs�j . At the action stage, playerS1 opts out of the game with probability� and the
other players continue to negotiate. LetvN = 
ivi . The variables�(s). xi(s) and�i (s) are
defined by the following equations:
If v1� 1

m
V then

�(s) = (1− �)
mv1 − �V

�(�V − �vN − v1(1− �))
,

�j (s) =
v1 + �

(1−�)�
2vj

�(1+ � �
(1−�) )

andxj (s) = �j (s) − (1− �)v1
�

for j = 2, . . . , m,

�1(s) = v1

�
andx1(s) = v1. (6)

If v1 < 1
m
V then

�(s) = 0,

�i (s) = 1

m
V andxi(s) = 1

m
�V for i = 1, . . . , m. (7)

We now show that this strategy profile forms a Markov perfect equilibrium. Consider any
state where all players are active. Ifv1� 1

m
V , at the action stage, player 1 is indifferent

between opting out and continuing, asv1 = ��1. For playersj = 2, . . . , m,

��j − vj =
v1 − vj − �

(1−�)�(1− �)vj

(1+ � �
(1−�) )

.
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For � close enough to 1,��j − vj > 0, so no player wants to opt out. If nowv1 < 1
m
V,

for all playersj = 1,2, . . . , m, ��j − vj = �V
m

− vj > 0 for � large enough. So no player
wants to opt out either.
Consider now the contracting stage. First suppose thatv1� 1

m
V . If the grand coalition is

formed, the offers must satisfy

xj = (1− �)��j + ��vj for j = 2, . . . , n,

�i = 1

m
(V − xN) + xi,

x1 = v1 = ��1, (8)

Combining the last two equations,

�1 − x1 = (1− �)v1
�

= 1

m
(V − xN),

so

xi = �i − (1− �)v1
�

for i = 1, . . . , m,

Replacing the value ofxi in the first equation yields

�j − (1− �)v1
�

= (1− �)��j + ��vj ,

whose unique solution is the�j given in the proposed strategy profile.Adding all equations
for j = 2, . . . , n results in

xN − x1 = (1− �)(��N − ��1) + ��(vN − v1),

and since�N = V , xN = �N − m
(1−�)v1

� , ��1 = v1, andx1 = v1 we can solve for�,

� = (1− �)
mv1 − �V

�(�V − �vN − v1(1− �))
,

as claimed. Notice that��0 if and only if ���0 where�0 = v1
V−vN+v1

< 1 because
V − vN > 0, and for� close enough to 1,��1.
Now suppose thatv1 < 1

m
V. If the grand coalition is formed,

xi = ��i for all i,

�i = 1

m
(V − xN) + xi (9)

and it is straightforward to verify that the unique solution of the system of equations is given
by the formula in the description of the strategy profile.
It remains to verify that no player wants to deviate by forming a subcoalition at the con-

tracting stage. Consider a deviation by which some of the active players form a subcoalition
S ⊂ N, and let�′

j be the continuation value of players following the deviation. IfvS �v1

then the payoff of coalitionSconverges to�′
S = vS for � large enough. NowvS < �S since

�i �vi with strict inequality for at least onei ∈ S. Hence, the deviation is not profitable.
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Similarly, if vS < v1, all playersj /∈ S ∪ {1} benefit from the deviation, since their new
payoff�′

j is obtained by replacingmbym−|S|+1 in the formula for equilibrium payoffs,
and thus satisfy�′

j > �j . Now, as
∑

j∈N �′
j = ∑

j∈N �j = V and�′
1 = �1, players inS

are better off not deviating.
Our analysis only deals with the case where there is a unique player with the highest

outside value at any state. The result can be generalized to situations with multiple players
with highest values as follows. Suppose that there aremplayers,j = 1, . . . , m, such that
vj = maxi∈N vi . Perturb the payoffs, by adding a random vectorε to all the payoffs,
and construct the equilibrium for the perturbed game, where all values are different. As
ε goes to zero, because equilibrium payoffs and strategies are upper hemi continuous in
the parameters of the game, one can obtain limit equilibrium payoffs and strategies for the
original game. �

Proof of Proposition 6. We give an explicit construction of the Markov perfect equilib-
rium. Consider any stateswhere the principal has contracted with a setSof agents. Due
to the symmetry of the problem we associate to each coalitionS its cardinal, #S = m, and
definev(m), vi(m), �k(m) and�k

i (m). Let x∗(m) be the unique solution of

x∗(m) = argmin
m′ �m

{
v(n) − v(m′)

n − m′

}

and

v∗
i (m) = min

m′ �m

{
v(n) − v(m′)

n − m′

}
.

Consider the following strategies. At a subgamemwherex∗(m) = m, the principal offers
�2

i (m) to all the remaining agents, and the agents accept any offer greater than or equal to
�2

i (m). At the action stage, the principal exits with a positive probability�. The values�
and�2

i (m) are computed as solutions to the equations:

�1(m) = v(n) − (n − m)�2
i (m),

�1
i (m) = �2

i (m),

�2(m) = ��1(m) = v(m),

�2
i (m) = (1− �)��1

i (m) + �vi(m).

At a subgamemwherex∗(m) > m, the principal offers to contract withx∗(m) − m of
then−m remaining agents (all agents are chosen with equal probability). She offers�2

i (m)

to all the agents, and agents accept any offer greater than or equal to�2
i (m). At the action

stage, the principal never exits. The value�2
i (m) is computed as a solution to the equations:

�1(m) = �2(x∗(m)) − (x∗(m) − m)�2
i (m),

�1
i (m) = (x∗(m) − m)

n − m
�2

i (m) + (n − x∗(m))

n − m
�2

i (x
∗(m)),

�2(m) = ��1(m),

�2
i (m) = ��1

i (m).
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Note that, as� converges to 1, the equilibrium offers�2
i (m) converge tov(n)−v(x∗(m))

n−x∗(m)
=

v∗
i (m) and �

(1−�) converges to the positive value
v(m)−v(n)

v(n)−v(m)−(n−m)vi(m)
.

To show that this strategy profile forms a subgame perfect equilibrium, we first consider
subgames satisfyingx∗(m) = m. By construction, the principal’s exit decision at the action
stage and the agents’ responses at the contracting stage are optimal. It remains to check
that the principal’s offer at the contracting stage is optimal. Suppose by contradiction that
the principal makes an acceptable offer tom′ < n agents. She would then receive a payoff
�2(m′)−(m′−m)�2

i (m) instead ofv(n)−(n−m)�2
i (m).Two casesmust be distinguished.

If x∗(m′) = m′, then�2(m′) = v(m′). But becausex∗(m) = m,

�2
i (m) <

v(n) − v(m′)
n − m′ ,

and hence

v(m′) < v(n) − (n − m′)�2
i (m),

establishing that the deviation is unprofitable. If nowx∗(m′) > m′, in the continuation
game, the principal proposes to form a coalition of sizex∗(m′) and then moves to the grand
coalition. Overall, she thus offersv∗

i (m
′) to the remaining(n − m′) agents and�2(m′) =

v(n) − (n − m′)v∗
i (m

′). But becausex∗(m) = m, v∗
i (m

′) > v∗
i (m) and hence,

v(n) − (n − m′)v∗
i (m

′) − (m′ − m)v∗
i (m) < v(n) − (n − m)v∗

i (m),

establishing that the deviation is unprofitable.
Consider now a subgame satisfyingx∗(m) > m. We first show that, at the action stage,

staying in the game is the optimal action of the principal. By exiting, the principal obtains a
payoff ofv (m) and by staying a payoff of�(m) = v (n)− (n − m) v∗

i (m).As x∗(m) �= m,

v∗
i (m) <

v(n) − v(m)

n − m
,

so that the optimal strategy is to choose a temporary action. At the contracting stage, the
agents’ response is optimal by construction, and by an argument similar to the argument
in the casex∗(m) = m, the principal has no incentive to offer to form a coalition of size
m′ �= x∗(m). �

Proof of Proposition 7. We construct the payoff matrices of the game� played at the
action phases when� converges to 1. It is easy to check that, once a player has exited the
game, the optimal choice of the two remaining players is to exit as a two-player coalition,
and the expected payoff of each of the remaining players is equal tob/2. Hence, the payoff
matrices are given by

r e
r (�,�,�) (b/2, c, b/2)
e (c, b/2, b/2) (a, a, a)

r e
r (b/2, b/2, c) (a, a, a)
e (a, a, a) (a, a, a)

r e
where� denotes the continuation value of the game at the initial contracting phase.
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If two players form a coalition, the payoff matrices are given by

r e
r (�1,�2) (c, b)

e (c, b) (c, b)

where player 1 is the singleton player and player 2 the two-player coalition and�1 and�2
denote the continuation value at the contracting phase of the two players.
Once the two-player coalition has formed, the two-player game corresponds to an asym-

metric version of Example1, and asV > c+b, we can easily characterize theε–R equilib-
ria for � converging to 1. If V/2 > max{c, b}, the game admits a uniqueε–R equilibrium
where both players remain and�1 = �2 = V/2. If V/2� max{c, b}, the game admits
a uniqueε–R equilibrium where the player with the largest option randomizes between
staying and exiting, and the player with the lowest outside option remains in the game. The
probability that the player with the largest option remains in the game converges to 1 as�
converges to 1. Supposing (without loss of generality) thatc�b, the payoffs converge to
�1 = c,�2 = V − c > b.

We now consider the symmetricε–R equilibria of the game at the initial phase, where
the three players are singletons. Consider first the action stage. IfV/3 > c, there exists
an equilibrium where all players remain and� = V/3. If V/3 < c, the symmetricε–R
equilibrium involves all players choosing a common probability� of remaining in the game,
where� satisfies:

�2V/3+ �(1− �)b = �2c + 2�(1− �)a.

Notice that, in both cases, the continuation value of players at the action stage satisfy
�2�V/3.
Now, consider the initial contracting stage. Suppose first thatb�2V/3. In that case, we

claim that the grand coalition is formed immediately. By forming a two player coalition,
the proposer gets at most:b − �2 whereas she would getV − 2�2 if she proposed to
form the grand coalition immediately. Asb�2V/3 and�2�V/3, b − x�V − 2x. If now
b > 2V/3, we claim that the coalition is formed in two steps. Asb > 2V/3, c < V/3 and
hence�2 = V/3. But then,V − 2�2 = V/3< b − �2, and at the initial contracting stage,
the proposer has an incentive to form a two-player coalition.�

Proof of Proposition 8. Consider the action stage after two players have formed a
coalition. The only equilibrium of the game is a completely mixed strategy profile
(�1,�2) satisfying the following equations (the notations are similar to those of
Example2),

x1 = (1− �2)�1 = (1− �2) − F,

x2 = (1− �1)�2 = (1− �1) − G,

�1 = 1
2(1− x2 + x1),

�2 = 1
2(1− x1 + x2).
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Solving these equations we obtain

�1 = 1− t, �2 = t,

�1 = (t − F)(1− t)

t2
, �2 = t − F

t
,

x1 = F(1− t)

t
, x2 = t − (t − F)(1− t)

t
, (10)

wheret is a solution off (t) = 2t3 + (−3− F + G)t2 + (2F + 1)t − F = 0. Note that
becauseF + G < 1,

f (F ) = −F 2(1− G − F) < 0 and f (1− G) = G2(1− G − F) > 0,

so that a solutiont ∈ (F,1− G) exists.
Now consider the initial stage where no coalition has been formed. We will show that it

is a weakly dominant strategy for every firm to stay. By staying, a firm obtains either�� if
no other firm exits, or 0 if another firm exits. By exiting, the firm either gets 1− F if no
other firm enters the market, or 0 otherwise. We want to show

���1− F. (11)

We consider only symmetric equilibria. If players propose to form the grand coalition at the
contracting stage,� = 1/3 and, as� converges to 1 andF > 4/5, ���1− F. If players
propose to form a two-player coalition with equal probability of choosing any of the two
other firms, and withx the continuation value at the action stage of the initial state,

� = 1

3
(x2 − x) + 1

3
x + 1

3
x1 = x2 + x1

3
. (12)

Solution (10) implies that inequality (11) is equivalent to

h(t) = 2F + F t + 2t2 − 4t�0.

This inequality holds for allF �4/5 because the quadratic expressionh(.) satisfiesh(F ) =
F(3F − 2) > 0 andh′(F ) = 5F − 4�0.
Finally, we check that it is an optimal strategy for a firm to form a coalition with one

of the two other firms at the initial contracting stage. By forming the grand coalition, each
firm obtains a payoff 1− 2��. By forming a coalition of size 2 it obtainsx2 − ��. Hence,
we need to establish that

x2 + ��1,

which is equivalent tog(t) = 8t2 − (5F + 7) t + 5F �0. This inequality holds for all
F ∈ (2/3,1) because the quadratic expressiong(.) satisfiesg(F ) = F (3F − 2) > 0 and
g′(F ) = F (16− 5F) > 0. �
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