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Abstract

This paper proposes an efficient Bayesian estimation method for the fitting
of Gaussian affine term structure models. It synthesizes and extends previous
work by building broadly on three key themes. The first is in the formulation
of a prior distribution (with some Student-t distributed marginals) that is capa-
ble of smoothing out irregularities in the posterior distribution. The second is in
the adoption of the Chib and Ramamurthy (2010) tailored randomized-blocking
Metropolis-Hastings (TaRB-MH) sampling method which has not been investi-
gated in the current context. The third is in the use of the Nelson-Siegel type
restrictions to identify the latent factors. These restrictions, which enable inter-
pretation of the latent factors as time-varying level, slope, and curvature of the
yield curve, are useful in the prior elicitation step and also promote numerical
efficacy. We apply our methods to models containing up to five factors, three
latent and two observed. According to our empirical experiments with the U.S.
yield curve data, the performance of our approach is more simulation-efficient than
the MCMC method that is identical except in the use of the randomized block-
ing step. An available Matlab toolbox implements this approach with options to
choose the number of latent and observed factors, priors for model parameters,
and specification of the factor process. (JEL G12, C11, E43)
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1 Introduction

Gaussian arbitrage-free affine term structure models (GATSMs) are a class of default-free

bond pricing model based on the stochastic discount factor (SDF) approach that pro-

duce risk-adjusted bond prices and yields satisfying a no-arbitrage condition. GATSMs

are widely used in the fitting of default-free government bond yields, estimating the

term premium, analyzing monetary policy effects and forecasting future yield curves.

Despite their importance in practice, the estimation of GATSMs is challenging. This

is mainly because the likelihood function of these models contains multiple modes and

other irregularities that preclude estimation by conventional numerical methods.

Our goal in this paper is to propose an efficient Bayesian estimation method that

synthesizes and extends the previous work on these models. The method proposed builds

on three key themes. The first is the careful specification of the prior distribution to

incorporate available knowledge, which helps to smooth out irregularities in the posterior

distribution as demonstrated by Chib and Ergashev (2009). The second is the adoption

of the Chib and Ramamurthy (2010) tailored randomized-blocking Metropolis-Hastings

(TaRB-MH) sampling method that has been shown to be effective in other situations

but has not been investigated in the current context. The third is the use of the Nelson-

Siegel type restrictions from Christensen, Diebold, and Rudebusch (2011) to identify the

latent factors. The need to restrict the latent factors in such models is comprehensively

discussed by Hamilton and Wu (2012). We do not employ the restrictions of Dai and

Singleton (2000) where the latent factors are identified by the degree of persistence

because the Nelson-Siegel type restrictions enable the explicit interpretation of the latent

factors as time-varying level, slope, and curvature of the yield curve, which is useful in

the Bayesian prior elicitation step. We have also found that the latter restrictions have

better numerical properties. We apply our methods to models containing up to five

factors, three latent and two observed. GATSM models of this size are rarely estimated

because of the aforementioned numerical difficulties.

According to our empirical experiments with the U.S. yield curve data, the perfor-

mance of the TaRB-MH based approach is far better than the corresponding MCMC

method that is identical except in the use of the randomized blocking step. Evidence

of the superior performance of our method is provided below for the computation of
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the deep parameters of the model and for the estimation of key quantities such as the

term premium and multi-step-ahead predictive yield curves. We have implemented our

approach in an available Matlab toolbox with options to choose the number of latent

and observed factors, the prior of the model parameters, and the specification of the

factor process.

We briefly mention that other MCMC sampling schemes, such as the Hamiltonian

Monte Carlo (HMC) and random walk MH, perform poorly. Because of the irregular

posterior surface, HMC for example, tends to become trapped in local modes or in

regions where the required Hessian is singular. We have largely failed to tune these

methods to work in these models.

The reminder of the paper is organized as follows. Section 2 gives a brief description

of the Gaussian affine term structure model. In Section 3 we describe the prior, the

factor-identifying restrictions, and our posterior sampling method. The results are given

in Section 4, and concluding remarks are presented in Section 5.

2 Gaussian Affine Models

2.1 Assumptions and Bond Prices

This section describes the standard Gaussian affine term structure model. The price

Pt(τ) of a default-free zero-coupon bond with τ periods to maturity at time t is the

discounted value of its face value

Pt(τ) =
1

(1 + Rt(τ))τ
(2.1)

where the nominal discount rate

Rt(τ) ≈ −1

τ
logPt(τ) (2.2)

is the yield. The relation between {τ , Rt(τ)} is the term structure of interest rates.

Virtually all modern work on asset pricing in finance is based on the stochastic discount

factor (SDF) approach. For an asset such as a bond, the SDF approach requires that

Pt(τ) = Et [Mt+1Pt+1(τ − 1)] (2.3)
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where Mt+1 is the one-period SDF and Et is the conditional expectation given the in-

formation at time t. This pricing formula enforces the no-arbitrage condition across

maturities. Every valid SDF must satisfy certain conditions. For example, it must be

strictly positive, and its time t expectation must equal the non-stochastic discount fac-

tor (i.e., Et [Mt+1] = exp (−rt), where rt is the risk-free short rate). An asset pricing

model is simply a model of the SDF, followed by a solution for the prices that satisfy

the preceding no-arbitrage condition.

For modeling the SDF, suppose that the SDF depends on factors xt consisting of k

latent factors f t and m observed factors mt

xt = (f ′t,m
′
t)
′.

Suppose that these factors evolve according to a first-order vector-autoregression

xt+1 = Gxt + εt+1 (2.4)

where vt+1 ∼ N (0k×1, Ik) and εt+1 = Lvt+1 ∼ N (0k×1,Ω = LL′). The model of Duffie

(2002), Dai and Singleton (2000), and Ang and Piazzesi (2003) assumes that

Mt+1 = exp

(
−rt −

1

2
λ′tλt − λ′tvt+1

)
: 1× 1 (2.5)

where λt : (k + m) × 1 is the market price of risk, which along with rt, is an affine

function of the factors:

rt = δ + β′xt : 1× 1 (2.6)

and

λt = λ+ Φxt : k × 1. (2.7)

Substituting into the no-arbitrage condition we get

Pt(τ) =

∫
Rk

exp

(
−rt −

1

2
λ′tλt − λ′tvt+1

)
Pt+1(τ − 1) (2.8)

×N (xt+1|Gxt,Ω)dxt+1

which by simple manipulations can be expressed as

Pt(τ) = e−rtEQt [Pt+1(τ − 1)] (2.9)
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where Q denotes the risk-neutral measure

N (xt+1| −Lλ+ (G−LΦ)xt,Ω)dxt+1. (2.10)

We can now obtain a recursive solution for bond-prices by assuming that bond prices

take the exponential affine form

Pt(τ) = exp(−a(τ)− b′(τ)xt) (2.11)

where a(τ) is a scalar and b(τ) is a (k+m)×1 vector. Then calculating e−rtEQt [Pt+1(τ−1)]

and equating coefficients shows that

a(τ) = δ + a(τ − 1)− 1

2
b′(τ − 1)Ωb(τ − 1)− b′(τ − 1)Lλ

b(τ) = β +GQ′b(τ − 1) (2.12)

where GQ = G−LΦ, a(0) = 0, and b(0) = 0(k+m)×1.

Consequently, the term structure of interest rates as a function of the deep parameters

in the SDF and the factor process can be expressed as:

Rt(τ) ≈ −1

τ
logPt(τ) =

a(τ)

τ
+
b′(τ)

τ
xt (2.13)

for any non-negative integer τ .

2.2 Term Premium

One key quantity of interest in this context is the term premium. The term premium

for a τ -period bond at time t is, by definition, the difference between the yield and the

yield under the expectation hypothesis (EH). Let

exr
(τ)
t = [Et [lnPt+1(τ − 1)]− lnPt(τ)]− (− lnPt(1))

denote the one-period expected excess return for holding the τ -period bond. Then, as

shown by Cochrane and Piazzesi (2008), the term premium for the τ -period bond is

given by

Rt(τ)− 1

τ

τ−1∑
i=0

Et [rt+i]︸ ︷︷ ︸
EH

=
1

τ

τ−1∑
i=1

exr
(τ+1−i)
t (2.14)
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This is easily calculated under the affine model and its value studied for each t and τ ,

because

exr
(τ)
t = [Et [lnPt+1(τ − 1)]− lnPt(τ)]− (− lnPt(1)) (2.15)

= Et [− (τ − 1)Rt+1(τ − 1) + τRt(τ)]− rt
= a(τ)− a(τ − 1) + [b′(τ)− b′(τ − 1)G]xt − rt
= −b′(τ − 1)Lλt −

1

2
b′(τ − 1)Ωb(τ − 1)

3 Identifying Restrictions

3.1 Restrictions on GQ and β

The set of parameters in the bond prices is {G, GQ, δ, β, Ω, λ}. As discussed compre-

hensively in Hamilton and Wu (2012), the parameters in affine models must be restricted

for identification reasons. Here we focus on the arbitrage-free Nelson-Siegel restrictions

developed by Christensen, Diebold, and Rudebusch (2009), Christensen et al. (2011),

and Niu and Zeng (2012), which we have found are particularly useful in the Bayesian

context. Under these restrictions, the no-arbitrage affine model is effectively similar

(at least in terms of the evolution of factors) to theDiebold and Li (2006) dynamic

Nelson-Siegel model with three latent factors. These factors can be interpreted as the

time-varying level, slope, and curvature factors because they are close to their empirical

counterpart proxies.

The restrictions are easily described. First, note that the identification of the factors

requires restrictions on the factor loadings, and the factor loadings are determined by

the factor transition matrix GQ = G − LΦ under the risk-neutral measure and by the

factor coefficients β in the short rate equation. The restrictions, therefore, involve GQ

and β. In particular, in a model with three latent and two observed factors, the following

restrictions are imposed.

Restriction 1 The matrix GQ is of the type

GQ =


1 0 0 0 0
0 exp(−κ) κ exp(−κ) 0 0
0 0 exp(−κ) 0 0
G41 G42 G43 G44 G45

G51 G52 G53 G54 G55

 (3.1)
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Restriction 2 The vector β is of the type

β = (1, 1, 0, 01×m)′.

Then, as proved by Niu and Zeng (2012), b′(τ) in equation (2.12) reduces to

b′(τ) = β′ ×
τ−1∑
j=0

(
GQ
)j

(3.2)

=
[
τ , τ − 1−exp(−κτ)

κ
, 1−exp(−κτ)

κ
− τ exp(−κτ), 01×m

]
which implies that b′(τ)/τ in equation (2.13) is given by[

1, 1− 1−exp(−κτ)
κτ

, 1−exp(−κτ)
κτ

− exp(−κτ), 01×m

]
which is exactly the form of the dynamic Nelson-Siegel factor loadings. Note that the

last m columns of b′(τ)/τ are zero, which means that the observed factors are allowed

to affect the yield to maturity only indirectly through the latent factors. The observed

factors cannot influence the shape of the yield curve directly. Hence, it becomes possible

to explicitly identify the three latent factors as the level, slope, and curvature effects of

the yield curve.

Given that the restrictions are imposed on GQ explicitly, which has one new pa-

rameter κ, it is natural to estimate (G, κ,L) rather than (G, L, Φ). Because GQ is

restricted, but G and L are unrestricted, Φ is restricted. In addition, as we estimate

(G, κ,L), Φ can be obtained as L−1(G−GQ).

3.2 Restrictions on (G, λ, Ω, δ)

Because the shape of the yield curve is determined by the latent factors, it is natural to

assume that the average market prices of observed factor risk are zero. Therefore, one

can suppose that the last m elements of λ are zero.

Restriction 3 The vector λ is of the type

λ = (λ1,λ2,λ3, 01×m)′.
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It is convenient to express the variance-covariance matrix of the factor shocks as

Ω = V ΓV

where V = diag(v1, v2, .., vk+m) is the diagonal factor shock volatility matrix and Γ is the

factor shock correlation matrix. Suppose that Γi,,j is the (i, j)th element of Γ. The factor

volatilities are positive and the conditional correlations of the factors are constrained to

be in the interval (-1, 1). In addition, to ensure that the factor process is stationarity,

the eigenvalues of G are constrained to lie inside the unit circle. These restrictions can

be summarized as follows:

Restriction 4 Support and stationarity restrictions

vi > 0, Γi,j ∈ (−1, 1), |G| < 1 for i 6= j, i, j = 1, 2, .., (k + m)

Finally, we fix δ, the intercept term in the short rate dynamics, at the sample mean

of the short rate as in the work of Dai, Singleton, and Yang (2007). This is because δ

captures the mean of the short rate and it tends to be estimated inefficiently because

of the high persistence of the short rate. As a result, the set of parameters of the bond

pricing model are

θ = {G, κ, V, Γ, λ}

of dimension (k + m)2, 1, (k + m), (k + m)× (k + m− 1)/2, and k, respectively.

4 Prior-Posterior Analysis

4.1 State Space Representation

We now express the affine model in the form that is amenable to estimation. Suppose an

individual has bonds with N different maturities at time t, whose yields are assembled

as

Rt =
(
Rt(τ 1) Rt(τ 2) · · · Rt(τN)

)′
. (4.1)

Let the observed yields and factors be stacked as yt =
(
R′t m′t

)′
: (N +m)×1. Then,

under the assumption that the N yields are measured with independent Gaussian errors

and small variances (σ2
1, σ

2
2, .., σ

2
N), the affine model can be written in state space form.
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The measurement equation of the state space model is given by the equations for the

bond yields and observed factors:

Rt(τ i) =
a(τ i)

τ i
+
b′(τ i)

τ i
× xt + et(τ i), et(τ i) ∼ N (0, σ2

i )

=
a(τ i)

τ i
+
b′1:k(τ i)

τ i
× f t + et(τ i) for i = 1, 2, .., N,

mt = mt

where b1:k(τ i) is the first k rows of b(τ i). Note that the last m rows of b(τ i) are zero.

These equations imply that

measurement equation: yt|xt,a,B,Σ ∼ N (a+Bxt,Σ) (4.2)

where Σ = diag(σ2
1, σ

2
2, .., σ

2
N , 0m×1) is a (N + m)× 1 diagonal matrix,

a =
(
ā′ 01×m

)′
: (N + m)× 1,

ā =
(

a(τ1)
τ1

a(τ2)
τ2

· · · a(τN )
τN

)′
: N × 1,

B̄ =
(

b(τ1)
τ1

b(τ2)
τ2

· · · b(τN )
τN

)′
: N × (k + m),

B̄1:k = the first k colums of B̄,

B =

(
B̄

0m×k Im

)
=

(
B̄1:k 0N×m
0m×k Im

)
: (N + m)× (k + m),

and Im is the m×m identity matrix.

The transition equation is simply the factor dynamics,

transition equation: xt+1|xt,G,Ω ∼ N (Gxt,Ω = V ΓV ) (4.3)

4.2 Likelihood

Let y = {yt}Tt=1 be the time series of the observed yields and observable factors. The

likelihood p(y|θ,Σ) is the density of the data y given the unknown parameters (θ,Σ).

By the law of total probability

p(y|θ,Σ) =
T∏
t=1

p(yt|Ft−1, θ,Σ) (4.4)

=
T∏
t=1

[∫
p(yt|Ft−1,f t, θ,Σ)p(f t|Ft−1, θ,Σ)df t

]
(4.5)
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where Ft denotes the history of the observations up to time t. Then, each one-step-

ahead predictive density, p(yt|Ft−1, θ,Σ) is a marginalization of p(yt|Ft−1,f t, θ,Σ) over

the latent factors f t. This can be done by utilizing the Kalman filter, so that

p(y|θ,Σ) =
T∏
t=1

N (yt|yt|t−1,V t|t−1)

where

E[xt|Ft−1,θ,Σ] = xt|t−1 = Gxt−1|t−1,

V ar[xt|Ft−1,θ,Σ] = Qt|t−1 = GQt−1|t−1G
′ + Ω,

E[yt|Ft−1,θ,Σ] = yt|t−1 = a+Bxt|t−1,

V ar[yt|Ft−1,θ,Σ] = V t|t−1 = BQt|t−1B
′ + Σ,

Kt = Qt|t−1B
′V −1

t|t−1,

E[xt|Ft,θ,Σ] = xt|t = xt|t−1 + Kt(yt − yt|t−1),

V ar[xt|Ft,θ,Σ] = Qt|t = Qt|t−1 −KtBQt|t−1.

The initial factors, x0 are integrated out over its ergodic distribution given the param-

eters:

x0|F0,θ,Σ ∼ N
(
x0|0 = 0, Q0|0

)
where Q0|0 is the unconditional covariance matrix of xt such that

vec(Q0|0) = [Ik2 − (G⊗G)]−1 × vec(Ω).

4.3 Prior

We now turn to prior distribution of the parameters G, κ, V , Γ, λ, and Σ. Following

Chib and Ergashev (2009), the prior distribution is set up to reflect the assumption of

an upward sloping yield curve. In addition, we suppose that the yields are persistent

(Abbritti, Gil-Alana, Lovcha, and Moreno (2015)). We arrive at such a prior by sampling

the prior. For given prior means, time series of factors are drawn from the vector-

autoregressive process, followed by the yields. If, on average, the yield curve is not

upward sloping or too steep, the hyperparameters of the prior are adjusted and the

process is repeated until outcomes consistent with these beliefs are realized.
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The second step is to specify the strength of our beliefs through an appropriate

distribution. If the prior is too tight, then the prior is likely to be in conflict with

the likelihood function, whereas if the prior is too weak then it is not likely to smooth

the irregularities of the likelihood function, as the likelihood surface plots of Figure 2

demonstrate. Our solution to this problem is to depart from the tradition of a Gaussian

prior and employ an independent Student-t distribution for the various parameters.

With this choice we are able to incorporate the beliefs mentioned above and, because of

the thickness of the prior tails, mitigate any potential conflicts with the data.

Suppose that Gi,,j is the (i, j)th element of G, and λi is the ith elements of λ. We

assume that the parameters in {G, κ, λ} have Student-t prior distributions, and the

parameters in {V , Σ} have inverse-gamma prior distributions. The specific descriptions

are in Tables 1 and 2. Finally, the factor shock correlations have a uniform prior over

(-1,1),

Γi,j ∼ Unif (−1, 1)

for i 6= j, i, j = 1, 2, .., (k + m).

Student-t distribution, St(µ, σ2, v)
parameter mean (µ) scale (σ2) d. f. (v)
κ 0.935 6× 10−4 15
λ1 −0.170 10−4 15
λ2 −0.070 10−4 15
λ3 −0.024 10−4 15
Gi,i 0.900 10−3 15
Gi,j, i 6= j 0.000 10−3 15

Table 1: Prior distributions for κ, λ, and G St(µ, σ2, v) is the Student-t distribution
with the mean µ, scale σ2 and degree of freedom (d.f.) v.

We now explain how the hyperparameters in our prior distributions are chosen specifi-

cally. Figure 1 plots the distribution of the prior-implied yield curve when the parameters

are fixed at their prior mean. Figure 1(a) is the prior mean of the yield curve, which is

the intercept term, ā computed at the prior mean of the parameters. The prior-implied

yield curve is gently upward sloping on average, so the first moment of the prior yield

curve reflects our prior beliefs. Figure 1(b) presents the 5%, 50%, and 95% quantiles of

the ergodic prior-implied yield curve distributions generated from the ergodic distribu-
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Inverse-Gamma distribution, IG(a, b)
parameter a b
104 × V 1,1 66 130
104 × V 2,2 102 252
104 × V 3,3 4 1
104 × V 4,4 146 435
104 × V 5,5 18 17
5× 105 × σ2

i 54 260

Table 2: Prior distributions for V and Σ IG(a, b) is the inverse-gamma distribution
whose mean is b/(a− 1).

tion of the factors and pricing errors. The prior mean of G′i,is is 0.9 as the interest rates

are very persistent. Our prior means of the factor volatility V allows for yield curve

variations between -3% and 11%, which is flexible enough to capture various shapes of

yield curves over time.

The prior on the risk parameters λ is more difficult to quantify. 1(c) plots the term

structure of the term premiums computed at the prior mean of the parameters based

on equation (2.14). Our prior for λ is chosen such that the prior-implied term premium

is increasing with the maturity, and it is not too big for long term bonds. Finally, 1(d)

is the factor loadings B̄, the shape of which is solely determined by the value of κ.

The prior factor loadings are the same as in Nelson-Siegel yield curve models, and a

priori the factors are supposed to be identified as the level, slope, and curvature effects.

The prior mean of κ is specified so that the curvature factor loading is maximized at

24 months. The next subsection demonstrates the role of our prior in improving the

efficacy of posterior sampling.

Assuming independence across parameters, our prior density π(θ,Σ) is given by the

product of individual prior densities with a zero density outside the support R defined

by the restrictions on the parameters given above.

4.4 Posterior Sampling

This subsection discusses our posterior MCMC sampling procedure. The target distri-

bution to be simulated is the joint posterior distribution of the parameters, factors, and
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predictive yield curves

θ,Σ, {f t}Tt=1, {RT+h}Hh=1|y.

Using the posterior draws for the parameters and factors, we can infer the term premiums

and factor loadings. In each MCMC iteration, they are updated in the order of θ,

{f t}Tt=1, Σ, and {RT+h}Hh=1, as outlined in the following algorithm.

Algorithm: MCMC sampling

Step 0: Initialize the parameters, θ(0), Σ(0), and set g = 1.

Step 1: At the gth MCMC iteration, draw θ(g) from θ|y,Σ(g−1) as follows:

Step 1.(a): Randomly determine the number of blocks and their components in

θ,

θ1,θ2, ..,θBg

where Bg is the number of blocks at the gth MCMC iteration. Set l = 1.
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Step 1.(b): Maximize

ln{p(y|θl,θ−l,Σ(g−1))× π(θl,θ−l,Σ
(g−1))}

w.r.t θl to obtain the mode, θ̄l and compute the inverted negative Hessians

computed at the mode, Vθ̄l .

Step 1.(c): Draw a proposal for θl, denoted by θ†l , from the selected multivariate

Student-t distribution,

θ†l ∼ St
(
θ̄l, Vθ̄l,15

)
.

Step 1.(d): Draw a sample, u from uniform distribution over [0, 1]. Then,

θl = θ†l if u < α
(
θ

(g−1)
l ,θ†l |y,θ−l,Σ(g−1)

)
θl = θ

(g−1)
l if u ≥ α

(
θ

(g−1)
l ,θ†l |y,θ−l,Σ(g−1)

)
Step 1.(e): l = l + 1, and go to Step 1.(b) while l ≤ Bg.

Step 2: Draw {f (g)
t }Tt=1 from {f t}Tt=1|y, ψ(g) based on the Carter and Kohn method.

Step 3: Draw Σ(g) from Σ|y, {f (g)
t }Tt=1,θ

(g) .

Step 4: Generate x
(g)
T+h from xT+h|ψ(g),x

(g)
T+h−1 for h = 1, 2, .., H based on the equation

(4.3).

Step 5: Generate R
(g)
T+h from RT+h|ψ(g),x

(g)
T+h for h = 1, 2, .., H based on the equation

(4.2).

Step 6: g = g + 1, and go to Step 1 while g ≤ n0 + n1. Then, discard the draws from

the first n0 iterations and save the subsequent n1 draws.

Full details of each stage are as follows.

4.4.1 θ sampling via TaRB-MH

Given the target distribution, the efficacy of the MH sampling depends on the way of

grouping parameters into multiple blocks and constructing proposal distributions. In

each MCMC cycle, sampling θ consists of three steps. The first step is to randomly
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choose the number of blocks and their components. These blocks are sequentially up-

dated given the other parameters. The second step is to construct Student-t proposal

distribution of each block using the output of stochastic optimization given the other

parameters. The third step is to draw from the proposal distribution and update the

block based on the MH algorithm. We discuss each of the steps in details as follows.

Randomizing blocks In the gth MCMC iteration, the sampler begins by randomly

grouping the parameters into Bg blocks

θ1,θ2, ...,θBg

with randomly selected components in each block. To maximize the efficacy in a high-

dimensional problem, we should simulate highly correlated parameters in one block and

the remaining parameters in separate blocks. However, when the likelihood is severely

nonlinear as shown in equation (2.12), it is difficult to form appropriate fixed blocks a

priori. A randomized blocking scheme is particularly valuable in this case. This blocking

scheme enables us to avoid the pitfalls from a poor choice of fixed blocks. We let the

parameters in θ form random blocks and Σ form a fixed block since the full conditional

distribution of Σ is tractable. Once the number of blocks and their components are

randomly determined, we update θ by sequentially iterating through those blocks with

the help of the multiple-block MH algorithm (Chib and Greenberg (1995)).

Block-wise stochastic optimization The second stage is to construct a proposal

distribution in a sequential manner. Consider the lth block of parameters θl. Let θ̄l and

Vθ̄l denote the mode and the negative inverse Hessian, respectively, defined as

θ̄l = arg max
θl

ln{p(y|θl,θ−l,Σ(g−1))π(θl,θ−l,Σ
(g−1))} subject to {θl,θ−l} ∈ R,(4.6)

Vθ̄l =

(
−∂

2 ln{p(y|θ̄l,θ−l,Σ(g−1))π(θ̄l,θ−l,Σ
(g−1))}

∂θl∂θ
′
l

)−1

(4.7)

where θ−l is the parameters in θ except θl. The key idea of our proposal distribution is

to approximate the full conditional distribution of the block by a multivariate Student-t

distribution. The first and second moments of the Student-t distributions are obtained

from the global mode and the Hessian computed at the global mode. The Student-t
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distributions are informative enough to approximate the full conditional distribution of

the parameters when the posterior surface is irregular. In particular, using a Student-t

distribution, rather than the normal distribution, helps in generating proposal values

that are more diverse and more distant because of the fat-tails of the distribution.

In order to find the global mode, within the support R, we utilize a simulated

annealing algorithm in combination with the Newton-Raphson method. We refer to

this optimizer as the SA-Newton method. Simulated annealing is a stochastic global

optimizer that is particularly useful in our context. In finding this mode, we start the

SA iterations with a high initial temperature and then use a relatively high cooling

factor to reduce the temperature quickly. Specifically, the initial temperature parameter

and the cooling factor are set to at 5 and 0.01, respectively. Then, the probability

of accepting a point with a lower function value that is proportional to the current

temperature is high, which helps move to another search regions with higher function

values. Once the simulated annealing stages are complete, the optimizer switches to the

Newton-Raphson method to improve the local search of the modal value.

Block-wise Metropolis-Hastings algorithm Now we move to the third step. Using

the mode and Hessian at the mode, we construct a proposal distribution

q (θl|θ−l) = St
(
θl|θ̄l, Vθ̄l,15

)
.

where the St is a multivariate Student-t density with ν = 15 degrees of freedom. Let θ†l

drawn from

θ†l ∼ St
(
θ̄l, Vθ̄l,15

)
denote the proposal value. Then, this proposal value is accepted with the MH probability

of the move given by

α
(
θ

(g−1)
l ,θ†l |y,θ−l

)
= min

1,
p(y|θ†l ,θ−l,Σ

(g−1))π(θ†l ,θ−l,Σ
(g−1))

p(y|θ(g−1)
l ,θ−l,Σ

(g−1))π(θ
(g−1)
l ,θ−l,Σ

(g−1))

q
(
θ

(g−1)
l |θ−l

)
q
(
θ†l |θ−l

)


(4.8)

where θ
(g−1)
l is the current value. If the proposal is accepted, then θ

(g)
l = θ†l . Otherwise,

θ
(g)
l = θ

(g−1)
l . Note that if the proposal value does not satisfy the restriction R, then it

is immediately rejected. The remaining blocks of θ are updated in the same manner.
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4.4.2 Factor ({f t}Tt=1) sampling

Next, we sample the factors given the data and parameters based on the multi-move

method, in which the factors are updated in one block.

Algorithm: Factor sampling

Step 1: Sample xT from N
(
xT |T , QT |T

)
Step 2: For t = T − 1, T − 2, . . . , 1, sample xt from

xt|Fn,xt+1,θ ∼ N
(
xt|xt+1

, Qt|xt+1

)
where

xt|xt+1
= xt|t + Qt|tG

′ (Qt+1|t
)−1 (

xt+1 − xt+1|t
)
,

Qt|xt+1
= Qt|t −Qt|tG

′ (Pt+1|t
)−1

GQt|t,

xt+1|t = µ +Gxt|t, Qt+1|t = GQt|tG
′ + Ω, (4.9)

The first k element of xt is the vector of latent factors (f t), and the last m elements

are the observed factors at time t.

4.4.3 Σ sampling

The full conditional distribution of the error variances is tractable. Given the factors,

parameters, and data, the error variances are updated via inverse gamma distributions,

σ2
τ i
|y, {xt}Tt=1,θ ∼ IG(v1/2, δ1,i/2)

where

v1 = v0 + T,

et(τ i) = Rt(τ i)− a(τ i)− b(τ i)× xt,

and δ1,i =
T∑
t=1

et(τ i)
2 + δ0

for i = 1, 2, .., N.
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4.4.4 Predictive density simulation

The final stage is to sample predictive yield curves from

RT+h|θ,Σ,y.

This can be done by the method of composition:

p (RT+h|θ,Σ,y) =

∫
p (RT+h,xT+h|θ,Σ,y) dxT+h

=

∫
p
(
RT+h|θ,Σ,y, xT+h

)
p (xT+h|θ,Σ,y) dxT+h.

For sampling predictive yield curves, the predictive factors (xT+h) are first simulated

from

N (GxT+h−1,Ω)

for h = 1, 2, .., H. Next, given {xT+h}Hh=1, yT+h is drawn from

N (a+BxT+h,Σ),

and RT+h is the first N elements of yT+h.

4.5 Inefficiency Factor

We compare the efficacy in terms of the inefficiency factor, defined as 1 + 2
∑∞

j=1 ρ(j)

where ρ(j) is the autocorrelation function at lag j of each of the simulated parameters

over the Markov chain. One can estimate the inefficiency factor as

1 +
400

199

200∑
j=1

K(j/200)ρ̂(j). (4.10)

Then, ρ̂(j) is the jth-order sample autocorrelation of the MCMC draws with K(·) rep-

resenting the Parzen kernel (Kim, Shephard, and Chib (1998)). By definition, a smaller

inefficiency factor indicates higher efficacy.

4.6 Posterior Predictive Density Accuracy Measure

In a Bayesian approach the accuracy of density forecasts is typically measured by the

posterior predictive density (PPD). In particular, we concentrate on the PPD of the
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yield curves, not the vector of yields and macro factors. This is because the PPD of the

yield curves can be used for model comparison regardless of the number and choice of

factors. Suppose that Ro
T+1 denotes the realized yield curve at time T + 1. Then, the

PPD of the yield curves is defined as

p(Ro
T+1|y) =

∫
p(Ro

T+1,θ,Σ,x|y)d(θ,Σ,x)

=

∫
p(Ro

T+1|y,θ,Σ,x)π(θ,Σ,x|y)d(θ,Σ,x),

Since it is not possible to obtain the predictive density analytically, we rely on the numer-

ical integration. The PPD is obtained as the Monte Carlo averaging of p(Ro
T+1|y,θ,Σ,x)

over the draws of (θ,Σ, x) from (θ,Σ,x)|y

p(Ro
T+1|y) ≈

n1∑
g=1

p(Ro
T+1|y,θ(g),Σ(g),x(g)).

(θ(g),Σ(g), x(g)) are the posterior draws from the gth MCMC cycles, f̄
(g)
T+1 is the first k

elements of x̄
(g)
T+1 = G(g)x

(g)
T , Ω

(g)
1:k,1:k is the first k × k elements of Ω(g), Σ

(g)
1:N,1:N is the

first N ×N elements of Σ(g), and

p(Ro
T+1|y,θ(g),Σ(g), x(g) ) ≡ N

(
Ro
T+1|ā(g) + B̄

(g)
f̄

(g)
T+1, B̄

(g)
Ω

(g)
1:k,1:kB̄

(g)′
+ Σ

(g)
1:N,1:N

)
.

5 Examples

The objective of our work is to propose an efficient Bayesian MCMC simulation scheme

and Matlab toolbox for Gaussian affine term structure models.1 In much of the affine

term structure model literature, most of the interest is on the model parameters, factors,

and model-implied key quantities such as term premium and predictive yield curves. Our

Matlab toolbox produces all these quantities.

Let the affine model with k latent factors andmmacro factors denoted byAFNS(k,m).

In this section we estimate the models AFNS(3, 0) and AFNS(3, 2) as examples and

demonstrate the sampling performance of our toolbox with the TaRB-MH method for

simulating the key quantities in comparison with the tailored fixed-blocking MH (TaFB-

MH) method. In the fixed-blocking scheme the parameters in {G, κ, V, Γ, λ, Σ} are

1Our Matlab toolbox is available upon request from the authors.
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grouped in separate blocks. This fixed block version of the tailored multiple-block MH

method was suggested by Chib and Ergashev (2009) for Gaussian affine term structure

model estimation. We use yields of constant maturity treasury securities computed by

the U.S. Treasury. The time span ranges from January 1971 to December 2007. The

yield data consists of eight time series comprising the short rate (approximated by the

one month yield) and the yields of the following maturities: 3, 12, 24, 36, 48, 60, and

120 months. For the estimation of the model AFNS(3, 2), the observed factors are the

U.S. CPI inflation and federal funds rate with the same sample period as the yields. For

convenience, the observed factors are demeaned.

It is interesting to examine this likelihood surface to get a sense of why inference

for affine term structure models is difficult. To do this, we simulate the likelihood of

AFNS(3, 2) model as an example and plot bivariate likelihood surfaces for some selected

pairs of the parameters in Figure 2.

Figure 2 clearly reveals that the likelihood surface has multiple modes, which makes

maximum likelihood estimation based on a numerical optimization unreliable. The rea-

son is the severe nonlinearity of the model with respect to the parameters. One of the

advantages of the Bayesian approach is that it is possible to mitigate the multi-modality

problem by specifying a proper prior and smoothing out the posterior surface.

Figure 3 plots the posterior surface for the same pairs of the parameters in Figure 2.

This figure demonstrates the role of our prior in the posterior simulation. Evidently, the

multi-modality problem becomes less serious, which helps us estimate the models in a

more efficient and reliable way. This is because the prior densities allocate little weight

to the infeasible parameter region against our prior beliefs. In addition, the parameters

are highly correlated, which makes estimating GATSMs challenging. This is the reason

why simple MCMC methods such as the random-walk MH algorithm and Hamiltonian

Monte Carlo do not mix very well.

5.1 Computational burden

The two MCMC posterior sampling schemes for AFNS(3, 0) and AFNS(3, 2) were

coded in Matlab R2014a and executed on a Windows 7 64-bit machine with a 3.30

GHz Intel Core(TM) CPU. Each code was run for 11,000 iterations, and the first 1,000
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Figure 2: Likelihood surface: AFNS(3,2)

posterior draws were discarded as burn-in. The TaRB-MH algorithm for AFNS(3, 0)

and AFNS(3, 2) took approximately 3.5 and 7.5 hours, respectively, to generate 11,000

draws. The TaRB-MH algorithm required approximately 30 minutes longer than the

TaFB-MH algorithm. The computing time cost from using the randomizing-blocking

scheme rather than the fixed-blocking scheme is negligible considering the substantial

efficacy gains which are shown in the next subsections.

5.2 Parameters

To find out whether the Markov chains based on TaRB-MH and TaFB-MH converge, we

compute the log posterior densities over the MCMC draws. Figure 4 plots the results

for the first 200 MCMC iterations for AFNS(3, 0) and AFNS(3, 2). Obviously, both
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Figure 3: Posterior surface: AFNS(3,2)

of the Markov chains converge to the target distribution before the 100th iteration.

Tables 3 and 4 present the summary of the posterior distribution of the model pa-

rameters and their inefficiency factors. The burn-in size is 1,000, and the MCMC size

beyond the burn-in is set to be 10,000. The output of the TaRB-MH reveals the smaller

serial dependence compared to the TaFB-MH. This shows that randomizing blocks can

improve the efficacy of the MCMC posterior sampling.

Note that the risk parameters are difficult to estimate precisely. As shown in equation

(2.12), λ appears in the intercept term, not in the factor loadings. Therefore, the

information that is necessary for estimating λ is from the cross-sectional information

of the yield curve such as the slope or curvature. The high persistence of the slope

and curvature effects makes estimating the risk parameters difficult. This is why in the
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Figure 4: Log posterior densities over MCMC iterations This figures plot the log
posterior densities (=log likelihood density + log prior density) over the MCMC iterations
for AFNS(3, 0) and AFNS(3, 2). The solid line and dotted lines are the densities at the
TaRB-MH draws and TaFB-MH draws, respectively.

previous works of Moench (2008) and Duffee (2012) the risk parameters are estimated

with large standard errors and in our empirical works these parameters are simulated

relatively less efficiently compared to the other parameters regardless of the sampling

method. Bauer (2014) resolves this problem by restricting most market price of risk

parameters to zero.

We would like to emphasize that when the target density is high-dimensional and

irregular, there are four key characteristics that can make our posterior MCMC sampler

more efficient: informative prior, randomizing blocks, Student-t proposal distribution,

and the use of block-wise stochastic optimization. Our work shows that without such

carefully tuned implementation of the MH algorithm, it is not easy to achieve efficient

sampling. Meanwhile, the Markov chain based on a random-walk MH or Hamiltonian

Monte Carlo method tends to fail to escape from a local region or cannot explore local

regions, which causes either high inefficiency or failure of convergence.

5.3 Factors

Figures 5 and 6 plot the time series of the level, slope, and curvature factors along with

95% credibility intervals over time. The factors are precisely estimated and identified

as the dynamics of the level, slope, and curvature factors are similar to those of the
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Parameter TaRB-MH TaFB-MH
mean 2.5% 97.5% ineff. accept. rate ineff. accept. rate

G1,1 0.98 0.96 0.98 4.21 36.63 8.71 28.95
G2,2 0.97 0.96 0.98 5.01 46.65 10.68 28.95
G3,3 0.92 0.88 0.96 7.09 58.55 22.72 28.95
κ 0.07 0.06 0.07 6.78 58.66 3.54 93.22
λ1 -0.15 -0.17 -0.13 14.15 57.88 7.99 80.96
λ2 -0.07 -0.09 -0.05 14.28 57.57 5.46 80.96
λ3 0.00 -0.02 0.02 15.01 52.65 6.30 80.96
V1,1 1.84 1.61 2.07 15.56 58.01 21.54 92.15
V2,2 2.58 2.30 2.88 12.76 58.64 6.21 92.15
V3,3 5.12 4.66 5.57 6.21 58.55 3.63 92.15
Γ1,2 -0.67 -0.76 -0.57 13.73 57.32 15.23 83.15
Γ1,3 0.36 0.20 0.51 8.79 57.79 3.71 83.15
Γ2,3 -0.03 -0.21 0.09 10.76 54.63 8.07 83.15

Table 3: Parameters: AFNS(3, 0) Inefficiency comparison with the fixed blocking scheme
(TaFB-MH)

observed proxies (i.e., the long rate, (short rate - long rate), (short rate + long rate -

2×midterm rate), respectively.

5.4 Term Structure of Term Premiums

Figure 7 plots the posterior mean of the term premium dynamics across maturities over

time, which are simulated from the three- and five-factor models. We find that the term

premiums are more volatile for longer maturities. The term premium of the 10-year

bond tends to be negative during recessions because of the flight-to-safety effect.

5.5 Posterior Predictive Distributions

In constructing a bond portfolio, the posterior predictive density simulation of yield

curves is essential because the expected returns and covariance structure of the future

yields are critical for decision-making. Figures 8 and 9 provide plots of the one-month-

ahead and six-month-ahead predictive yield curves, respectively. Not surprisingly, the

six-month-ahead predictive yields have greater variance than the one-month-ahead yields

because the predictive yields at a longer horizon involve greater uncertainty.

Tables 5 and 6 present the predictive correlations among the yields, and indicate
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Parameter TaRB-MH TaFB-MH
mean 2.5% 97.5% ineff. accept. rate ineff. accept. rate

G1,1 0.97 0.96 0.98 7.84 46.43 12.89 35.25
G2,2 0.97 0.96 0.98 7.29 56.08 14.95 35.25
G3,3 0.92 0.88 0.95 10.03 56.68 24.33 35.25
G4,4 0.92 0.87 0.96 5.08 56.99 14.94 35.25
G5,5 0.98 0.97 0.98 6.87 31.03 6.33 35.25
κ 0.07 0.06 0.07 6.90 57.62 5.00 93.35
λ1 -0.15 -0.17 -0.13 20.84 56.72 5.91 82.41
λ2 -0.07 -0.09 -0.05 20.78 56.44 6.59 82.41
λ3 0.00 -0.02 0.01 17.37 47.23 7.86 82.41
V1,1 1.86 1.66 2.08 14.20 57.40 29.23 93.37
V2,2 2.46 2.22 2.71 14.52 57.11 14.81 93.37
V3,3 5.14 4.70 5.58 6.20 57.68 3.90 93.37
V4,4 2.86 2.60 3.14 4.85 57.66 3.59 93.37
V5,5 1.55 1.39 1.71 7.23 57.60 12.05 93.37
Γ1,2 -0.71 -0.78 -0.63 16.98 55.71 50.70 23.39
Γ1,3 0.35 0.19 0.50 16.36 55.59 23.76 23.39
Γ1,4 -0.05 -0.20 0.06 21.39 50.65 24.74 23.39
Γ1,5 0.11 -0.03 0.28 27.13 52.51 31.04 23.39
Γ2,3 -0.02 -0.15 0.10 16.85 49.15 23.21 23.39
Γ2,4 -0.02 -0.17 0.10 7.76 48.36 15.17 23.39
Γ2,5 -0.01 -0.12 0.12 24.05 49.04 34.64 23.39
Γ3,4 0.53 0.43 0.62 17.70 55.86 32.37 23.39
Γ3,5 0.21 0.01 0.36 17.53 55.89 42.58 23.39
Γ4,5 0.09 -0.04 0.26 24.18 51.50 55.68 23.39

Table 4: Parameters: AFNS(3, 2) Inefficiency comparison with the fixed blocking scheme
(TaFB-MH)

that the yields are more highly correlated in the long-run than in the short-run. This

is because the level factor appearing across all maturities with equal factor loading is

more persistent than the slope and curvature factors whose weights are decreasing in

maturities beyond the midterm. Interestingly, the estimated correlation structure differs

across model specifications. The five-factor model reveals a higher correlation than the

three-factor model. We evaluate the alternative predictive models in terms of out-of-

sample density forecasts. Table 7 reports the log PPDs for the twelve months in 2007

along with the log posterior predictive likelihoods (PPL), which is the sum of the log

PPDs. Over the out-of-sample periods, the three- and five-factor models produce similar
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Maturity 1 3 12 24 36 48 60 120
1 1.00 0.93 0.91 0.90 0.85 0.77 0.74 0.65
3 0.93 1.00 0.86 0.86 0.82 0.76 0.73 0.65
12 0.91 0.86 1.00 0.91 0.89 0.84 0.81 0.72
24 0.90 0.86 0.91 1.00 0.97 0.92 0.90 0.84
36 0.85 0.82 0.89 0.97 1.00 0.97 0.96 0.91
48 0.77 0.76 0.84 0.92 0.97 1.00 0.94 0.91
60 0.74 0.73 0.81 0.90 0.96 0.94 1.00 0.94
120 0.65 0.65 0.72 0.84 0.91 0.91 0.94 1.00

(a) One-month-ahead

Maturity 1 3 12 24 36 48 60 120
1 1.00 0.99 0.97 0.95 0.92 0.89 0.86 0.78
3 0.99 1.00 0.97 0.95 0.92 0.89 0.87 0.78
12 0.97 0.97 1.00 0.98 0.96 0.94 0.92 0.84
24 0.95 0.95 0.98 1.00 0.99 0.98 0.97 0.90
36 0.92 0.92 0.96 0.99 1.00 0.99 0.99 0.93
48 0.89 0.89 0.94 0.98 0.99 1.00 0.99 0.95
60 0.86 0.87 0.92 0.97 0.99 0.99 1.00 0.97
120 0.78 0.78 0.84 0.90 0.93 0.95 0.97 1.00

(b) Six-month-ahead

Table 5: Posterior predictive correlation structure of the yields: AFNS(3, 0)

values regardless of the form of the G matrix. The macro factors that we choose do

not seem to help improve the predictive accuracy because they have little additional

information on the past yield curve in forecasting.

6 Conclusion

In this paper we have provided a detailed Bayesian analysis of affine arbitrage-free term-

structure models with careful elaboration of the required factor identifying restrictions

and the MCMC simulation techniques for overcoming the computational challenges.

With the help of the available Matlab toolbox the entire approach can be applied to

practical problems.

Further work is possible, for instance, connected to the development and fitting

of affine models that incorporate zero lower bound restrictions on yields and models
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Maturity 1 3 12 24 36 48 60 120
1 1.00 0.69 0.52 0.42 0.35 0.30 0.27 0.17
3 0.69 1.00 0.74 0.64 0.57 0.51 0.48 0.34
12 0.52 0.74 1.00 0.86 0.83 0.79 0.76 0.61
24 0.42 0.64 0.86 1.00 0.94 0.92 0.89 0.76
36 0.35 0.57 0.83 0.94 1.00 0.95 0.93 0.82
48 0.30 0.51 0.79 0.92 0.95 1.00 0.94 0.86
60 0.27 0.48 0.76 0.89 0.93 0.94 1.00 0.88
120 0.17 0.34 0.61 0.76 0.82 0.86 0.88 1.00

(a) One-month-ahead

Maturity 1 3 12 24 36 48 60 120
1 1.00 0.90 0.72 0.57 0.48 0.42 0.38 0.25
3 0.90 1.00 0.85 0.72 0.64 0.58 0.54 0.40
12 0.72 0.85 1.00 0.95 0.91 0.87 0.84 0.71
24 0.57 0.72 0.95 1.00 0.98 0.96 0.94 0.84
36 0.48 0.64 0.91 0.98 1.00 0.98 0.97 0.90
48 0.42 0.58 0.87 0.96 0.98 1.00 0.99 0.93
60 0.38 0.54 0.84 0.94 0.97 0.99 1.00 0.95
120 0.25 0.40 0.71 0.84 0.90 0.93 0.95 1.00

(a) Six-month-ahead

Table 6: Posterior predictive correlation structure of the yields: AFNS(3, 2)

that allow for the short-term interest rate to be close to zero for extended time spans.

Although we have explicated the importance of incorporating economic information into

the prior formulation it is possible that the prior in this paper can be further refined to

incorporate other beliefs, such as those concerning the term structure of yield variances

and the variance of the term premium. These various economic priors can be compared

using posterior predictive likelihoods or marginal likelihoods.
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Figure 5: Factors: AFNS(3, 0)
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Figure 6: Factors: AFNS(3, 2)
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Figure 7: Term structure of term premium
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Figure 8: Posterior predictive densities: AFNS(3, 0)
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Figure 9: Posterior predictive densities: AFNS(3, 2)
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